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Abstract

This is a paper about the beauty of permutation method.

New and shorter proofs are given for the theorem ([5], [14]) determining all
extremal two-part Sperner families and for the uniqueness of k-Sperner families of
maximum size ([3]).

1 Introduction

Let X be a finite set of n elements. A family F is called Sperner (or inclusion-free) if
E,F € F implies E ¢ F. The classic result of Sperner [15] states that

|F| < (LZ J> (1)

with equality only when F consists either of all sets of size |5 | or of all sets of size [F].
There are several generalizations and elegant proofs. However frequently the case
of equality is left to the reader, since it could be rather complicated. The aim of this
paper is to illustrate the strength of permutation method by presenting new shorter
proofs for Sperner type theorems. We will give two proofs, one using the permutation
method and another proof using cyclic permutations, a method developed by the
senior author [8], [9] and applied successfully to Sperner theorems by the second author
(see [10]).
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1.1 2-part families

Kleitman [11] and one of the present authors [7] independently observed that the state-
ment of the Sperner theorem remains unchanged if the conditions are weakened in the
following way. Let X = X; U X3 be a partition of the underlying set X, |X;| = n,,
n1 +no = n. Suppose ni > no for the entire paper. We say that F is a two-part Sperner
family if and only if E,F € F (E # F),E C F implies (F' — F) ¢ X1, X5. [11] and [7]
proved that the size of a two-part Sperner family cannot exceed the right hand side of
(1).

The family of all | §]-element subsets gives equality here, too. There are, however,
many other optimal constructions. A family F is called homogeneous (with respect to
the partition X, Xo) if F' € F implies E € F for all sets satisfying |[ENX;| = |FN X4,
|[E N X5 = |F N X3|. A homogeneous family can be described with the set I(F) =
{(i1,42) : |FNXy| =11, |F N Xg| =iy for some F € F}. If F is a homogeneous two-part
Sperner family then I(F) cannot contain pairs with the same first or second components,
resp. Consequently we have |I(F)| < ny + 1. We say that a homogeneous family F is
Jull if |I(F)| = na + 1. Then for every iy (0 < iy < ng) there is a unique f(iz) such that
(f(i2),i2) € I(F). A homogeneous family is called well-paired if it is full and

n2 n2 . . ni ny
)< () e ()=(n) e

for every pair 1 < 4,j < ng. The following characterization (though not in this form)
was proved in [5]. Later Shahriari [14] found an alternative proof.

Theorem 1.1 Let F be a two-part Sperner family with parts Xy, X, | X1| + | X2| = n.

Then
|F| < <L% J>

holds with equality if and only if F is a homogenous well-paired family.

We give two new, probably shorter proofs in Section 3 of the present paper.

Homogeneity type results are also true in a much more general setting (see the paper
of Fiiredi, Griggs, Odlyzko and Shearer [6] or the joint paper of the present authors
with P. Frankl [4].) In those papers it is shown, that there is a homogeneous optimal
construction. Here we see that no other family can be optimal.

1.2 Families with no k + 1-chains

In order to prove Theorem 1.1 we need another extension of the Sperner theorem which
is due to Paul Erdds. A family F of sets is called k-Sperner if it contains no chain
Fy C Fy C --- C Fy of k+ 1 different sets. It was proved in [3] that if a family F of
subsets of an n-element set is k-Sperner then |F| is at most the sum of the k largest
binomial coefficients of order n. The following theorem determines the cases of equality.



P.L.ERDOS-FUREDI-KATONA: Two-part and k-Sperner families 3

This result is part of the “folklore”, but we do not know any written reference for it. The
proof is a direct generalization of the uniqueness proof of the original Sperner theorem,
due to the second author.

Theorem 1.2 Let F be a k-Sperner family of subsets of an n-element set. Then

(n+h=D)/2) /.
Fl< > <Z> (3)

i=|(n—k+1)/2]

holds with equality if and only if F is the family of all sets of sizes either in the interval
(bt | 02 ) o in the interval [[BEE) (kL)

This theorem will be proved in Section 2. The upper bound in the following result is an
immediate corollary. Denote by ()f ) the family of all i-element subsets of X, it is called
the ith level in X.

Theorem 1.3 Let F = F1U...UF be a disjoint union of k Sperner families of subsets
of an n-element set. Then |F| satisfies (3) with equality if and only if F; = (‘:) holds
for 1 <1i <k where r1,...,7; is a permutation of the elements of either of the interval
[ ektd) | | R 1) or of the interval [ =R [kl

2 Uniqueness in Erd6s theorem and in the generalized
YBLM-inequality

First we will prove a sharper version of Paul Erdds’s theorem and will characterize the
cases of equality of this sharper one. F is called homogeneous if F € F, F C X and
|E| = |F| imply E € F. If F is a family of subsets, f;(F) will denote the number of
i-element members of F.

Theorem 2.1 Let F be a k-Sperner family. Then

Z fz((j):) < k, (4)
=0 7

with equality only when F is homogeneous and contains sets of k distinct sizes.

The inequality part of this theorem can be found in [4] (Theorem 5a), and is a general-
ization of the well-known YBLM-inequality ([16], [1], [12], [13]).

Proof. The method of cyclic permutations is used. The main point of this method is
to reduce the original problem into an analogous problem on a fixed cyclic permutation.

If ) € F then F\ {0} is a (k— 1)-Sperner family, and we can use induction on k. The
case X € F is similar. So from now on (in this Section) we suppose that fo = f, =0
and n > k.
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Let C be a cyclic permutation of X and let F(C') denote the subfamily of F consisting
of all sets forming an interval (i.e., an arc) in C. F(C) is said to be homogeneous if
F € F(C) implies that every interval E along C of the same size (|E| = |F|) is in F(C).

Lemma 2.1
|F(C)] < nk. (5)

Here equality holds if and only if F(C) is homogenous and it contains k distinct sizes.

Proof of Lemma 2.1. Since ), X ¢ F at most k sets may start at any fixed element
of X along C in one direction. This establishes (5).

In the case of equality there must be exactly k intervals in F(C') starting from each
point of C. Let B;(j) (1 < i < mn, 1 < j < k) denote the jth interval starting from
the ith point where |B;(1)] < |Bi(2)] < ... < |Bi(k)| is supposed. We claim that
|Bi(7)] < |Bi+1(j)| holds. Indeed, otherwise B;yi(1) C Bij+1(2) C ... C Bi+1(j) C
B;i(j) C ... C B;(k) would be a chain of intervals of length k+ 1, a contradiction. Hence
we have |B1(j)| < [Ba(j)| < ... < |Ba(y)| < [B1(j)| implying |Bi(j)] = |Bis1(j)] for all
1<i<nand1<j<k. O

Let us return to the proof of Theorem 2.1. Lemma 2.1 yields

> 1_Z\f )| < (n—1)lnk = nlk. (6)

C FeF(C)

The number of cyclic permutations C' containing a given set F' as an interval is |F|!(n —
|F)! (if |F'| # 0,n). Hence

Sy 1= Y Fin—|F])! (7)

FeF C:FeF(C) FeF

holds. Comparing (7) and (6) we obtain (4), the inequality part of Theorem 2.1.

The formula (4) can hold with equality only when (7) and (6) are equal, that is, when
(5) holds with equality for all cyclic permutations: F(C) is homogeneous for each C.
Consider any two subsets A and B (C X) of equal cardinality. It is obvious that there
is a cyclic permutation C in which they are both intervals. Therefore either A, B € F
or A, B ¢ F hold, consequently F is also homogeneous. O

We need a simple inequality, for completeness we supply a sketch of the proof, stan-
dard in Linear Programming.

Lemma 2.2 Suppose that for integers n > k > 1 and non-negative reals f1, fo..., fn_1
the following inequalities hold

fi
Z(—?)Sk

1<i<n—1

fi

IN
/N
<. 3
N———
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Then
[(n+k—1)/2] (n

Y fi< > ) = f(n, k).

1<i<n—1 i=[(n—k+1)/2) \"

Here equality holds if and only if
(a) in case of n £k (mod 2) fi = () for (n—k+1)/2<i<(n+k—1)/2 and f; =0
otherwise,
(b) in case of n = k (mod 2) f; = (7) for (n —k+2)/2 <i < (n+k—2)/2 and
Jon—ky2 + fingry2 = ((n_l)/z) and f; = 0 otherwise.

Proof. Consider a vector f = (f1, f2,..., fn—1) which maximizes }_ f;. (The domain is
compact, maximum(s) exists). For (;L) < () the inequalities f; < (7),0 < f; lead to a
contradiction, since replacing them by f; +¢("}) and f; — 6(?) keeps the constraint the

lemma but increases the sum > f;. O

Proof Theorem 1.2. The constraint of Lemma 2.2 holds for the sequence fi(F),...,
fn—1(F) by (4) and since f;(F) < (7}) is obvious. This implies Erdds theorem.

We can have equality in this theorem only when (4) holds with equality. Then
Theorem 2.1 implies that F is homogeneous and consists of k distinct sizes. O

Proof Theorem 1.3. The inequality part is trivial, since F is a k-Sperner family.
It is clear from the previous proof that the equality implies equality in (4). Since F;
(1 <i<k)is a Sperner family, (4) holds for F; with k¥ = 1. Hence (4) with & = 1 must
hold with equality for each F;. Therefore F; = (if ) for some r;. Since F; are disjoint,
r;’s must be different, F is a union of k distinct levels. The maximality of |F| implies
that these k levels must be the £ middle ones. O

2.1 Uniqueness in Erdds theorem using intervals

Here we give another proof for Theorem 1.2.

Let F be a k-Sperner family on the n-element underlying set X = [n]. We may
suppose that (), X ¢ F because these cases can easily be reduced to the general case. As
in the classical proofs, consider a permutation 7 of X. The initial segments of , i.e.,
the sets of the form {7 (1),7(2),...,7 (i) }1<i<n form a chain C(7) of length n — 1. The
k-Sperner property of F implies that C(7) contains at most & members of F, so we have

Z < ;i ) < Z k largest binomial coefficients := f(n, k). (8)
F:FeF,FeC(r) | |
Add this up for all the n! permutations.

> 2 )<|F|>§n!f(n,k)-

T FeF FeC(n
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Here the left hand side can be determined exactly.

> X (@) S Il = P! <‘F‘>=n!|f|.

F:FeF mFeC(r

This gives |F| < f(n, k).

If |F| = f(n,k) then equality holds in (8) for every 7, so the sizes of the members
of F in C(w) form a middle interval of length k. In case of n # k (mod 2) this middle
interval is unique, we get that F is homogeneous, it consists of all sets of sizes at least
(n—k+1)/2 and at most (n + k — 1)/2. In case of n # k (mod 2) there are two
possibilities for a middle interval, so f; = (%) for (n —k+2)/2 < i < (n+k —2)/2
and fi—gy2 + finsry2 = ((n—Z)/z) and f; = 0 otherwise. We also obtain that for
|F'| = (n—k)/2, |[F"| = (n+k)/2, F' C F" one and only one of {F’, F"} belongs to F.
Suppose that there exists an F € F, |F| = (n—k)/2. We claim that f(,,_j)/ 2 = ((n—rllc)/z)
and then f(,44)2 =0, and are done.

Consider an arbitrary pair x € F' and y € X \ F. We claim that F'\ {z} U {y} € F.
Indeed, consider a permutation © where F'\ {z}, F and F U {y} are initial segments,
and let 7’ be a permutation obtained from 7 be exchanging the places of z and y. The
largest member of F in C(7) has (n + k — 2)/2 elements, so the same is true for C(7’).
Since the sizes of the members of C(n’) N F form a middle interval the smallest member
has (n — k)/2 elements. This smallest member is F'\ {z} U {y}.

Call two (n — k)/2-element sets, F1 and Fy neighbors is [F} N Fy| = |F;| — 1. Then
the above property of the extremal F can be formulated as it contains all neighbors
of F whenever F' € F. It follows that in that case it contains the second, third, etc.
neighbors, so F contains the whole (n — k)/2’th level. O

3 Two-part Sperner families

In the method of cyclic permutations a given problem on subsets is reduced to intervals
in a cyclic permutation of the underlying set. In the present proof the problem will be
reduced to a family of certain mixed objects, pairs (A, B) where A is a subset of X; and
B is an interval along a fixed cyclic permutation of X5. Therefore the method can be
called the mizcyc method.

Let Cy be a cyclic permutation of Xy and F a family of subsets of X. Then F(C5)
will denote those members of F for which F' N X5 is an interval along Cs.

Introduce the notation

N n9 if jZO,TlQ
t(])_{ 1 if 1<j<ng—1
The double sum
ny
) t<‘F”X2‘><|FmX2|>' (9)

(Co,F)
FeF(Cy)
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will be evaluated in two different ways. First

2. > t(\FnX2\>(|F 22X2|) =

FEF  Cy: FEF(C)

Zt<|FmX2|><|FZQX2|) > L

FeF Ca: FeF(C2)
Here
Z 1— (77,2—1)! if FNXy=0or X,
Co FEF(Ca) ] [FNXs|!(n—|FNXs|)! if otherwise
2 2
Therefore

(9) == Z 7”L2! = |.7'—|7”L2'

FeF(Ca)

On the other hand (9) is equal to

Z S H(FN X)) <‘F22X2‘>.

Cs FeF(Cs)

Introduce the notation

(10)

and let (jo,J1,...,Jn,) be one of the permutations of (0,1,...,n2) satisfying w(jo) >
w(j1) > ... > w(jn,) = na. There are four cases of w with value ny. Suppose that jy,_1

and j,, are chosen to be 0 and ny. Now fix a cyclic permutation Cy = (cy, ...,

and decompose its intervals into ny chains of intervals: define

El = {ma {cl}a {Cl, 02}7 ceey {017027 ceey cn2—1}7 {cla ceey cnz}} )

while for i = 2, ...,n9 let

Ei = {{C’i}a {C’ia ci+1}7 LRES) {Ci, Citly-eny cnzacla ceey c’i—3}7 {Ci, LRES) Ci_Q}} .

Consider the subsum

no N )
> t(\FﬁXﬂ)( ) =Y |F (i) w(zi),
(FNX2)eLy ‘F n XQ‘ =0

where F(j) is defined by

f(j):{FﬁXl :FE}",]FﬂXg\zjand FﬁXgEﬁl.}

¢n) of Xo

(11)
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It is easy to see that the family F(j) is Sperner for every j, and that F(jx) N F(j;) = 0
holds when k # [. Formula (11) can be written as

(11)

(IF G + -+ 1FGn)|)w(ins) +

+ (17 G0) + o + 1F(Gna1)]) (wna1) = w(ins) ) +

+ ot (IFGO+ 17 G0 ) (wGin) — w(i2))

+ vwm(<> w(in))- (12)
By the Erd6s theorem the total size of k pairwise disjoint Sperner families on X7, cannot

exceed the k largest levels. Therefore if m(i) = (') and (lo,l1,...,ln,) is one of the
permutations of (0,1, ...,n1) satisfying m(lo) > m(l1) > ... > m(ly,) then

)
)

(12) < (mlo) +mln) + o+ mllng) )0 (Guna) +
+ (m(lo) +m(l)+ ...+ m(lnz_l)) (w(jnz_l) — w(jnz)) + ...
+ (m(lo) +m(1)) (w(jr) = w(ja) ) +mlo) (w(jo) —w(ir))

= sz(li)w(ji)- (13)
i=0

The same estimations can be applied for the other ng — 1 chains Ly, (k = 2,....,n2):

ng—2
3 t(|FﬂX2|)<|F Z2X2|> < > m(l)w(ji).

FNX2€Ly, i=0

Using the fact, that the number of cyclic permutations Cy is (ny — 1)!, and putting
together the previous inequalities, we obtain

no—2
(10) < Z <n2 Z m(lz)w(jz) + m(lnz—l)w(jnz—l) + m(lnz)w(jn2)>

Ca =0

()t )
gt )()-(3)

(9) = (10) < (14) finishes the proof of the two-part Sperner theorem.
In order to prove the equality part of Theorem 1.1 we only have to check carefully
the cases of equality in the above proof of the two-part Sperner theorem.
Define
Fi(B)={A: AcCc X;,AuBe€F} for BC X.
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If F is a family satisfying equality in the Erd&s theorem, then there must be equality in
(13), that is,

[FGo)l + 1FGO+ -+ FGr)| = m(lo) + m(l) + ... + m(ly) (15)

holds whenever w(j, ) —w(jr+1) > 0 (where w(jn,+1) = 0). It is obvious that every second
of these differences is zero, the other ones are positive. If ns is even then w(jo) — w(j1) is
positive, w(j1) —w(j2) is zero, w(j2) — w(j3) is positive, and so on. On the other hand, if
ng is odd then this sequence starts with a zero. We should not forget however that there
are some irregularities at the end. Firstly, the last coefficient w(jy,,) is always positive,
secondly, it is preceded by 3 zeros. This implies, by Theorem 1.3, that in the case of
even ny  F(jo) must be one of the (one or two) largest levels in X1, F(jo), F(j1), F(j2)
must be 3 largest levels, and so on. Hence F(j1) and F(j2) are two levels next in size.
The same holds for F(jos41) and F(jas42) for 0 < s < "22_6. If ng is odd then F(jg) and
F(j1) are two largest levels, F(j2) and F(j3) are next two levels, ... . In general F(jas)
and F(jos+1) (0 < s < 2272) is a pair of the (2s 4+ 1)st and (2s + 2)th largest levels.
Therefore F(jo), - .., F(jny) are ny + 1 largest levels in X;. If F(j,) = () then we
write f*(j,) = w. We need to check the ordering determined by (2). If ng is even then

the left hand side of (2),
(n2> < <n2> (u < ng—3)
Ju Jv

holds if and only if v < u and v is not an even integer following v 4+ 1. Then

ny ny
<f*<ju>> = <f*<jv>> 16)

is obvious. The case when ngy is odd is analogous. That is, the order follows (2) up to
ng — 4. But (16) also holds when u = ny — 3,n9 — 2,n9 — 1,n9 and ny — 3 < v. An
important consequence is that f*(j,) cannot be 2572 or [™4"2] when ny — 3 < .

The above ideas are valid for all cyclic permutations of Xy, therefore 1 (B) is defined
for all B C X, and it is a full level ()§1) for some j = j(B)(|M522] < j < [mF027).

We have to show that F;(B) depends only on the size of B, that is, | B1| = | Bz| implies
Fi1(By1) = F1(Bs). It is sufficient to verify this statement for “neighboring” sets, that is,
when |B; — Bo| = 1. Let By = {z1,22,...,2}, Bo = {x2,23,...,2;,2141}. Consider the
cyclic permutations C' = (29, T3, ..., T, L1, T41, T(42 -+, Tny ), O = (2, 23, ..., 21, T1y1,
X1, 142 ..., Tn,). They define the chains (of length ng + 1) £4 and £}, which differ only
in one member. The function F; associates families ()gl)(L%J < j < [MEm2]) with
each member of these chains, where the js are different for one chain. If n; and ns
have the same parities then there are ng + 1 choices for j therefore F(B1) = F(Bz2).
If their parities are different then F(B;) and F(B2) may be different: one of them is
(Lnl)(# J) the other one is ([MX# 1). It is clear from the monotonicity (16) that this can

happen only when |B;| = 1 or ng — 1. This proves the statement Fi(By) = F1(Bz) for
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1 < |Bi| = |B2| < n — 1. Moreover

: X X .
Fi1(B) = either (men”) or ([nﬁ_lnﬂ) if |[B|=1,n—1.
2 2

Since F is a two-part Sperner family, B C C implies F1(B) # F1(C) (in fact, they
must be disjoint). Suppose e.g. that j({z}) = [™5"2] holds for some z € X3. Then
§(C) must be [MF27 for all ny — l-element C' with the exception of Xy — . But
these sets cover Xy therefore j({z}) = [™5"2] must hold for all x € X3, consequently
J(C) = [M372] for all ny — 1-clement C' € X5. We have proved that F is homogeneous
and full, the function f is defined by f(i) = j(B) where i = |B|.

It is almost proved that F is well-paired, by (16). The only possible exception is
that the right hand side of (2) does not hold for one or more of the pairs (0, 1), (0,79 —
1), (n2,1), (ng,ny — 1). Suppose e.g. that the pair (0,1) is such a one. Then

=50 0)

can be decreased by interchanging the values f(0) and f(1). (It decreases the sum
only when ny > 1 but the case ny = 1 is trivial.) This contradiction shows that F is
well-paired. O
We advice the interested reader to check [5] , where the optimal constructions for all
four cases (depending on the parities of ny and ng, resp.,) are illustrated with figures.

3.1 Extremal 2-part Sperner families and intervals
Here we give another proof for Theorem 1.1. We need two simple lemmas.

Lemma 3.1 Suppose that uw > v > 1 are integers, a1 > ag > ...a, >0, b1 > by > ... >
by are reals and f : [v] — [u] an arbitrary injection (i.e., f(i) # f(j) fori # j), then

Zaf(zb < Z a;b 13

1<i<v
and here equality holds if and only if a; = ay @y for all i. O
Lemma 3.2 Let the aj,as,...,an,+1 be the sequence of binomial coefficients of rank ny
in decreasing order, and let by, ..., bn,+1 be the binomial coefficients of rank ny again

in jecreasing order. (We have a; = (L(mili)/ﬂ) and b; = (L(nzﬂ sa))-) Then 375 aib; =
(ny2))- =

Let F be a 2-part Sperner family on the n-element underlying set X = [n], with
parts X1, Xo, |X;| = nij, n1 > ny > 0. Suppose that |F| is maximal, we have
|F| > (Lnr/LzJ) Let m; € S|, a permutation of X;, i = 1,2. Define the (n; + 1) x (ng2 + 1)
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matrix M = M(m,m3) as follows. Label the rows by 0,1,...,ny, the columns by
0,1,...,n2 and the 4, j entry, M; ; equals to 1 if the unions of the two initial segments
{mi(1),m1(2),...,m(2)}U{ma(1),...,m(j)} belongs to F. M, ; = 0 for the other entries.
Such an M contains at most one nonzero entry in each row and column.

Suppose that M is an arbitrary (n; + 1) X (ng + 1) matrix, labeled as above, and
suppose that each entry is 0 or 1 and each row and column contains at most one 1.
Define a 2-part Sperner family H (M) by taking all sets F' C X with M|pnx, | |rrx, = 1-
Then [H(M)| =5, —1 (%) ("?). By Lemma 3.1 and 3.2 we have

7= J

[H(M)| < Zaibj = (Ln;L?J)

We obtain

\.7:|n1'n2'

v

(LTZ;ZJ)TM'TLQ'E Z ’H(M(?Tl,ﬂ'g))‘

(7r177r2)

rer e ’FﬂXﬂ ‘FﬂXQ‘

FNX;isinitialin 7;

ni no
= FnXq|! —|FNX{DIE N X! —|F N Xo|)!
Ié;l 1'(n1 — | 1) 2|!(n2 — | 2]) <|FmX1|> <|F0X2|>

Thus here equality holds, i.e., |F| = (Ln72J) so does each |H (M (71, m))|. It also follows,
that for each (71, m2) the family H is full and well-paired (cf. (2)). We have to show
that F is homogeneous, too.

Check what happens if instead of (m1,72) one considers the pair (w1, 75) where 75
is obtained from my by exchanging the elements v and v + 1 in X5 (1 < v < ny). In
the new matrix M’ = M (w1, %) all columns, except eventually the uth, are unchanged.
Because M’ (and M(m1,72)) are full, there is an entry M, , = 1 and M,, = 1. We
claim that u = v/, the two matrices are identical. Indeed, calculating the cardinalities
|H (M (71, 7m2))| and |H(M (71, 75))| both have maximal values. So Lemma 3.1 gives that
the factors corresponding to ("}?) are the same, (') = ('}). Hence either v =« (and we

u
are done) or u+ u' = ny. In the later case consider again the sums

200 2000)

In the second sum there is no ('), and in the first there is no (n:”i ,,)- Since both contains
the largest no + 1 values of binomial coefficients of rank n;, this implies that both are
having all of (%) with i between u and n1 — u and exactly one of {("}}), (,".,)}. These
are (n; — 2u — 1) + 1 coefficients, so u = (n; — nge — 1)/2 and then v = 0 or ng, a
contradiction (since 1 < v < ny). Finally, a similar proof gives that M is unchanged if
we exchange two neighboring elements v and v+ 1 in Xy, i.e., F is homogeneous. O
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