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Abstract. Let a,, ..., a, be a sequence of nonzero real numbers with sum zero. 4 subset B of
{1,2,...,n} is called a balancing set if )" a, = 0 (be B). S. Nabeya showed that the number of

n::2) and this bound achieved for neven with a; = (— 1). Here

; ; ; ; 2
his conjecture is verified, showing a tight upper bound 2 (k

balancing sets is bounded above by

¥ 1) whenn = 2k + 1. The essentially

unique extremal configurationis:a; =2, a, = - =a, = L, a4y = - = gy = — L.

1. Introduction, Results

Let [n] denote the set {1,2,...,n}, 2" is its power-set. Let ay, ..., a, be a sequence
of nonzero real numbers, and suppose that ) a; = 0. A subset B < [n] is called a
balancing set if ¥ {a,: be B} = 0. Denote the set of balancing sets by %(a;,...,a,).
By definition @ € 4. In this note we determine the maximum number of balancing
sets. Let

f(n) = max {|§(a1,...,a,,)|: Y a;=0,a; # 0}.

Example 1.1. Suppose n is even and define a, = - =a,, =1, ayp4y ==
n/2\? n
a, = —1. Then |#| = = .
" a1 =3("7) = ()
Example 1.2. Suppose nis odd, n = 2k + 1 (=3). Definea; = 2,a, = -« =g, =1,
== a2k+l = —1. Then

k—1\/k+1 kE—1\(k+1 2k
3| = _ '
-5 (7 )00) 2 (0T -0
We call two sequences of reals (ay,...,a,) and (a},...,a,) to be isomorphic if there

exists a permutation n: [n] — [n] and a nonzero real « such that a; = aa, ;.
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Theorem 1.3.

n * »
(n y 2) if nis even,

5k N .
2(k_l) if n=2k 4+ 1.

Moreover |#(a,,...,a,)| = f(n) holds if and only if (ay,...,a,) is isomorphic to one
of the sequences defined by the above Examples.

1) =

This was conjectured by S. Nabeya [5], who proved the case n even. He used
generator functions and calculus with complex variables. Our aim is to give an
elementary proof, showing the strength and applicability of the results of the theory
of finite sets.

2. The Proof of the Upper Bound

A family of finite sets # is called a Sperner family if F ¢ F’ holds for any two
F, F'e #. The family % is intersecting if F N\ F’ # ¢ holds for any two members of
Z. The following theorems are probably the most frequently cited results of
extremal set-theory.

Theorem 2.1 (Sperner [9]). Suppose # < 2™ is a Sperner family, then |#| <
(Ln};2 J)' Here equality holds if and only if % consists of either all subsets of size
Ln/2] or all subsets of size [n/2].

Theorem 2.2 (Erdos, Ko and Rado [3]). Suppose & < 2" is an intersecting
Sperner family and suppose that every F € # has at most k elements, k < n/2. Then
|F| < (: : i) Here for n > 2k equality holds if and only if & is taken to be all

the k-subsets of [n] containing a common element.

Proof of the upper bound in Theorem 1.3. Let a, ..., a, be nonzero reals with sum
zero. Let P = {i: a; > 0}, N = {j: a; < 0}. For a set Be # define B* as BN P and
B~ = BN N. Moreover let

S(B)= B*U(N — B"),

() = {S(B): Be #}. For a set C < [n], C denotes its complement, C=[n]-C.
As Be % implies Be % we have

Se#(#) imples SeS(%B). (2.1)
Moreover we claim
() is a Sperner family. (2.2)
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Indeed, S(B) = S(B') implies BN P = B'NP and BNN > B'NN. Hence

Y e Y a=—- Y a4<- Y a.

ieBNP ieBNP ieB'NN ieBNN
Then equality is forced, implying BN P = B'NP, BN N = B'[N N, a contradiction.
Now in the case n even, (2.2) and Theorem 2.1 implies |%| = | ¥(%)| < (;;2)
with equality holding if (%) consists of all n/2-element sets.
In the case n=2k + 1 we have (]_anj) > Z(kz_k 1), so we need more
preparations. Define & as the set of members of #(%#) with at most k elements.
Then (2.1) imples |#| = 3|¥(2)|, and Theorem 2.2 implies |#| < (k:fcl)’ as

desired.

3. The Case of Equality

We are going to use the following claim
If S(B) — S(B') = {i}, S(B')— S(B)={j} then|a; =gl (3.1)

Proof. By definition Y, pnp@ + Y ;en-pa = 0, and the same holds for B'. These
imply
a— Y a4+ Y a—- Y a=0 (3.2)
te PN(B\B') te PN(B"\B) te NN(B"\B) te NN(BNB)
Now we have four possibilities: i, je N or i,je P imply a; = a;, and in the cases ie P,
jeNorieN,jeP(3.2) implies a; + a; = 0.

Returning to the proof of Theorem 1.3 we have obtained in the previous section
that |.#(%)| = f(n) implies (both in the cases n even and odd) the following: There
exists an element of [n], say 1, such that (%) contains all the [n/2]-element
subsets of [n] through the element 1. So (3.1) implies that |g;| = |a;| holds for all
2 <i<j<n. This implies easily that (ay,...,a,) is isomorphic to one of the
Examples 1.1-2.

4. Remarks

Instead of the 50 years old Theorem 2.1 and 2.2 we can use a stronger result about

intersecting and union-free Sperner families (if F <=2 is a Sperner family,

intersecting, and F U F’ # [n] for any two F, F' € & then |# | < (L ::2_ : 1)) This
n _

was proved independently by a few authors, (see Brace and Daykin [2], Kleitman



254 Z. Fiiredi

and Spencer [4], Schonheim [8]). Even our special case (if & < 2"lis Sperner and

Fe# implies Fe # then |#| s( )) was investigated and proved by

n—1
[n/2] — 1
Bollobas [1] and Purdy [7]. But here I wanted to emphasize the simplicity of the
proof using the most basic theorems from extremal hypergraph theory.

The much more difficult question, what is the number of balancing sets if all the
a;’s are different, was essentially solved by Stanley [10] (also see [6]). He verified
the conjecture of Erdos and Moser proving that the best sequence is either

{—(n—1)/2,...,—1,0,1,...,(n — 1)/2}, or{—n/2,...,—2,—1,1,2,...,n/2}.

Acknowledgement. The author is indebted to P. Frankl for his valuable remarks.
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