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The motion of a fluid can be very complicated
as we know whenever we see waves break on a beach,
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The motion of a fluid can be very complicated
as we know whenever we fly in an airplane,
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The motion of a fluid can be very complicated
as we know whenever we look at a lake on a windy day.
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Euler in the 1750s proposed a mathematical model of an
incompressible fluid.

∂u

∂t
+ (u · ∇)u +∇P = F,

∇ · u = 0.

Here, u(x, t) is the velocity of the fluid at the point x and time t,
P(x, t) is the pressure, and F(x, t) is an outside force.

The Navier-Stokes equations (adding ν∆u) allow the fluid to be viscous.

It is concise and captures the essence of fluid behavior.

The theory of fluids has provided source and inspiration to many
branches of mathematics, e.g. Cauchy’s complex function theory.

Difficulties of understanding fluids are profound. e.g. the global-in-time

solution of the Navier-Stokes equations in 3 dimensions is a Clay Millennium Problem!



Waves, jets, drops come to mind when thinking of fluids.

They involve one or more fluids separated by an unknown surface.

In the mathematical community, they go by free boundary
problems.
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Free boundaries are mathematically challenging in their own right.

They occur in many other situations, such as

melting of ice stretching a membrane over an obstacle.
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The water wave problem
refers to the situation where the water lies below a body of air. The interface between the
air and the water is a free surface.

ut + (u · ∇x,y )u +∇x,yP = g(0,−1) in the fluid,
∇x,y · u = 0
ηt + u · (∇xη,−1) = 0 at the water surface,
(A fluid particle at surface remains there for all time.)

P = Patm,
(The pressure at surface equals the atmospheric.)

u→ (0, 0) at infinite depths,
(The flow is nearly at rest at great depths,)

u · (0, 1) = 0 at the finite bed.
(or else, tangent to the bed.)

Here, u(x, y , t) is the velocity of the fluid and P(x, y , t) is the pressure (x ∈ R or R2);

y = η(x, t) is the fluid surface and g is the constant of gravity.



Water waves are a prime example of applied mathematics,
describing what we may see or feel at the beach or in a boat.

They host a wealth of wave phenomena, ranging in length scale
from ripples driven by surface tension to

tsunamis rogue waves.

They impact outside of mathematics, e.g.hydraulics and weather prediction.
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Difficulties of studying the water wave problem are:

• It is nonlocal (rewriting the governing equations in terms of quantities

defined at the fluid surface),

• Boundary conditions at the fluid surface are nonlinear.

Richard Feynman said

... (water waves), which are easily
seen by everyone and which are
used as an example of waves in
elementary courses ... are the
worst possible example .... They
have all the complications that
waves can have.
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What are fundamental problems of interest to mathematicians?

• The Cauchy problem; is there a unique solution for arbitrary
initial conditions? For how long a time does it exist?

• Are the solutions regular or do singularities develop after some
time?

• Are there solutions that are spatially periodic? solitary?

• What is the effect of boundaries, for instance if the water
sloshes against a dock or a ship or runs up a beach?

• What are the effects of viscosity? Of surface tension?

• How can the various approximate models be justified?

• What is turbulence and how can it be described?



The Cauchy problem
is to solve the governing equations for (arbitrary) initial conditions u(x, y , 0) = u0(x, y)
and η(x, t) = η0(x).

Well-posedness requires the ability to uniquely solve the equations
and prove the continuity of the solution with respect to initial
conditions in an appropriate functional setting.

[Sijue Wu; 1997 and 1999] proved that arbitrary initial data in a
Sobolev space lead to short time existence (local well-posedness)
so long as

∇P·(outward normal)< 0 at the fluid surface

if and only if the fluid surface does not intersect itself.



In particular, overhanging initial data are locally well-posed —
a fact that every surfer knows.
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An explosion of research activities on the short-time existence with
increasing generality — permitting vorticity, compressibility, surface
tension, uneven bottom,.... It is a subject in full swing.

Ill-posedness usually means that the small scale features of the
perturbation grow faster than the large scale features, preventing
the continuity of the solution map (except in an analytic functions’ setting).

the Kelvin-Helmholtz instability the Rayleigh-Taylor instability
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[Sijue Wu; 2011], [Germain, Masmoudi and Shatah; 2012, 2014],
[Alazard and Delort; 2013], [Ifrim and Tataru; 2014-], [Ionescu and
Pusateri; 2013-],... proved small-data global-existence — if the
initial data are small in a certain functional setting and vanish at
infinity sufficiently fast then the solution exists for all time.

Key ingredients of the proofs are:

• dispersive estimates (linear estimates),

• normal form transformation or space-time resonance
(a deep understanding of the nonlinearity),

• high-order energy estimates (nonlinear estimates).



Water waves are dispersive.

The dispersion relation is

cWW (k) = ±
√

g tanh(kd)

k
k is the wave number and d is the fluid depth.

In the shallow water regime (kd � 1), cWW (k) ≈
√
gd .
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Cauchy in his prize-winning article

used the Fourier transform and described the radiation of water
waves by the wave equation, utt − gduxx = 0.
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Breaking of water waves
It is a matter of experience that the fluid surface of an ocean wave
becomes vertical and accelerate infinitely rapidly. A portion of the
surface overturns, projects forward and form a jet of water.

Think of the stunning Hokusai wave!
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Laboratory experiments support water wave breaking.
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Breaking of shallow water waves
[Whitham; 1974] said ”the breaking phenomenon is one of the most intriguing
long-standing problems of water wave theory.”

The shallow water equations

ht + dux + (uh)x = 0, ut + ghx + uux = 0

explain breaking — bounded solutions and unbounded derivatives.

It goes too far — all solutions with an increase of elevation break.

In a simple theory including dispersion effects, namely the
Korteweg-de Vries equation

ht +
√
gd
(

1 + 1
6d

2∂2
x

)
hx + 3

2

√
g
d hhx = 0,

it, in turn, goes too far — no solutions break.

Note that cWW (k) = ±
√

g tanh(kd)
k

= ±
√
gd
(

1− 1
6
k2d2

)
+ O(k4d4).



Whitham in 1967 proposed

ut +Mux + 3
2

√
g
d uux = 0, M̂u(k) = cWW (k)û(k)

combining the dispersion relation of surface water waves and the nonlinearity of the

shallow water equations.

He advocated that it would explain wave breaking.

[Naumkin and Shishmarev; 1994] and [Constantin and Escher;
1998] proved wave breaking, but under extra assumptions.

[H.; 2015] solved the conjecture.



Are there stable, periodic wave patterns that propagate of
permanent form at the surface of water?

The original caption reads: “as they near shallow water close to the coast of Panama, huge deep-see waves are

transformed into waves that have crests, but little or no troughs. Three Army bombers, escorted by a training ship,

are proceeding from Albrook Field, Canal Zone, to David, Panama.” from National Geographic, 1933.



[Stokes; 1847] conjectured that the crest of the wave of greatest
possible height is a stagnation point with a 120◦ corner.

[Nekrasov; 1921] and [Levi-Civita; 1925] ([Struik; 1926])
independently proved the existence of Stokes waves when the
amplitude is sufficiently small.

[Krasov’skii; 1960-61] proved the existence of Stokes waves subject
to that the maximum slope< 30◦.

So, no doubt has remained that Stokes waves be theoretically possible as states of

dynamic equilibrium.

In summer of 1964, however, Benjamin had trouble reproducing
Stokes waves experimentally and believed that they be unstable....



Benjamin’s experiments

An oscillating plunger generates a train of

waves, of wavelength 2.3m in water 7.6m deep,

traveling away from the observer in a large

towing basin at the Ship Division of the

National Physical Laboratory. The upper

photograph shows, close to the wave maker, a

regular pattern of plane waves except for

small-scale roughness. In the lower photograph,

some 60m (28 wavelengths) farther along the

tank, the same wave train has suffered drastic

distortion. The instability was triggered by

imposing on the motion of the wave maker a

slight modulation at the unstable side-band

frequencies; but the same disintegration occurs

naturally over a somewhat longer distance.
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[Benjamin and Feir; 1967] and, independently, [Whitham; 1967]
formally argued that Stokes waves would be unstable to sideband
perturbations, if

(wave number)·(undisturbed water depth)> 1.363...

— the Benjamin-Feir, or modulational instability.

Corroborating results arrived about the same time, albeit
independently, by [Lighthill; 1965], [Benny and Newell; 1967],
[Ostrovsky; 1967], [Zakharov; 1968],....

[Bridges and Mielke; 1995] rigorously studied the instability.

But the argument breaks down in the infinite depth case.
The spectrum of the linearized problem away from the origin
remains unknown (and the nonlinear stage of the instability).



[H. and Johnson; 2015-] proved that a sufficiently small,
2π/k-periodic traveling wave is modulationally unstable if

0 >
i1(k)i2(k)i3(k)

i4(k)
=

(kc(k))′′((kc(k))′ − c(0))i3(k)

c(k)− c(2k)

and i3(k) = 2i4(k) + i2(k).

It happens when kd > 1.145....

Note that c(k)=phase speed, (kc(k))′=group speed.

Modulational stability changes when
(1) i1(k) = 0; the group speed is an extremum,
(2) i2(k) = 0; the group speed matches the limiting phase speed,
(3) i3(k) = 0; the Benjamin-Feir instability index vanishes.
(4) i4(k) = 0; the fundamental harmonic is resonant with the
second harmonic.


