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Abstract. We study locally compact quantum groups G and their module maps through a general

Banach algebra approach. As applications, we obtain various characterizations of compactness and

discreteness, which in particular generalize a result by Lau (1978) and recover another one by Runde

(2008). Properties of module maps on L∞(G) are used to characterize strong Arens irregularity of L1(G)

and are linked to commutation relations over G with several double commutant theorems established.

We prove the quantum group version of the theorems by Young (1973), Lau (1981), and Forrest (1991)

regarding Arens regularity of the group algebra L1(G) and the Fourier algebra A(G). We also extend the

classical Eberlein theorem on the inclusion B(G) ⊆ WAP (G) to all locally compact quantum groups.

1. Introduction

Let G = (L∞(G), Γ, ϕ, ψ) be a von Neumann algebraic locally compact quantum group and let L1(G)

be the convolution quantum group algebra of G. If we let C0(G) be the reduced C∗-algebra associated

with G, then its operator dual M(G) is a faithful completely contractive Banach algebra containing L1(G)

as an ideal. It has been shown in the recent work [26, 27, 29] that many important results in abstract

harmonic analysis can be generalized to the locally compact quantum group setting, and thus we can

develop a corresponding theory of quantum harmonic analysis. In this paper, we study L1(G)-module

maps and structures on L∞(G). Through a general Banach algebra approach, we obtain in particular

some interesting characterizations of compactness and discreteness of G.

In Section 2, we recall some definitions for locally compact quantum groups and associated Banach

algebras. We strengthen and extend the completely isometric embedding result M(G) −→ LUC(G)∗

(cf. [29]) to a more general setting, where LUC(G) = 〈L∞(G) ? L1(G)〉 is the space of left uniformly

continuous functionals on L1(G). More precisely, we show that if X is any left introverted subspace of

L∞(G) with C0(G) ⊆ X ⊆ M(C0(G)), then there exists a completely isometric C0(G)-bimodule and

L1(G)-bimodule algebra homomorphism π : M(G) −→ X∗ such that X∗ = π(M(G))⊕C0(G)⊥. Through

the canonical inclusion X ⊆ C0(G)∗∗, we take a natural approach to constructing such an embedding

with some additional properties obtained (cf. Proposition 2.1 and Corollary 2.5). This approach, which is

even new for the co-commutative case as considered in [42], yields more characterizations of compact and

discrete quantum groups and an extension theorem for quantum group measure algebra homomorphisms.

In Section 3, we prove several characterizations of compact quantum groups, which in particular gen-

eralize a result by Lau [36] and recover another one by Runde [55]. We characterize compactness of G in

terms of the space WAP (G) of weakly almost periodic functionals on L1(G) and quotient strong Arens ir-

regularity of L1(G). This shows that quotient strong Arens irregularity may have to be taken into account
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for answering the open question raised by Runde [56, Remark 4.5]. We also study when L1(G) = M(G)

holds and present characterizations for discreteness of G. We show that compactness, discreteness, and

finiteness of a quantum group G can be characterized simultaneously by comparing the right multiplier

algebra RM(L1(G)) of L1(G) with the module product L1(G)?LUC(G)∗. We obtain the quantum group

version of the theorems by Young [65], Lau [38], and Forrest [17] regarding Arens regularity of the group

algebra L1(G) and the Fourier algebra A(G). Properties of module maps on L∞(G) are further used

to characterize strong Arens irregularity of L1(G) and are linked to commutation relations over G. We

establish several double commutant theorems, which in particular improve and extend the commutant

theorem [18, Theorem 5.1] on L1(G) by Ghahramani and Lau. Many of the results obtained in this section

are even new for the Fourier algebra A(G).

In Section 4, we prove two more results on properties of module maps over G, which characterize

amenability and compactness of G in terms of weakly compact module maps on L∞(G), generalizing and

unifying some results on L1(G) and A(G) by Akemann [1] and Lau [36, 37].

A classical Eberlein theorem says that every positive definite function on a locally compact group G

is weakly almost periodic. In Section 5, we extend this result to all locally compact quantum groups G.

More precisely, we show that every bounded linear functional on the universal quantum group C∗-algebra

Cu(Ĝ) of Ĝ is canonically corresponding to a weakly almost periodic functional on L1(G). In this way,

each µ ∈ Cu(Ĝ)∗ defines a weakly compact L1(G)-module map from L1(G) to L∞(G).

2. Definitions and preliminary results

Let us start this section by recalling some notation related to locally compact quantum groups. The

reader is referred to Kustermans and Vaes [34, 35], Runde [55, 56], van Daele [63], and [26, 27, 29] for more

information. Let G = (M, Γ, ϕ, ψ) be a von Neumann algebraic locally compact quantum group. Then the

pre-adjoint of the co-multiplication Γ induces on M∗ an associative completely contractive multiplication

? : M∗⊗̂M∗ −→ M∗, where ⊗̂ is the operator space projective tensor product. In the case where M is

L∞(G) or V N(G) with G a locally compact group, the algebra (M∗, ?) is the usual convolution group

algebra L1(G), respectively, the Fourier algebra A(G).

As for locally compact groups, the von Neumann algebra M and the convolution algebra (M∗, ?) are

denoted by L∞(G) and L1(G), respectively. Then L1(G) is a faithful completely contractive Banach

algebra satisfying 〈L1(G) ? L1(G)〉 = L1(G) (cf. [26, Fact 1] and [27, Proposition 1]). The multiplication

on L1(G) induces canonically a completely contractive L1(G)-bimodule structure on L∞(G) satisfying

(2.1) x ? f = (f ⊗ ι)Γ(x) and f ? x = (ι⊗ f)Γ(x) (x ∈ L∞(G), f ∈ L1(G)).

The quantum group G is said to be co-amenable if L1(G) has a bounded approximate identity.

It is known that there are two Banach algebra multiplications ¤ and ♦ on L1(G)∗∗, each extending

the multiplication ? on L1(G). For m, n ∈ L1(G)∗∗ and x ∈ L∞(G), by definition, the left Arens

product m¤n ∈ L1(G)∗∗ satisfies 〈m¤n, x〉 = 〈m,n¤x〉, where n¤x = (ι ⊗ n)Γ(x) ∈ L∞(G) is given

by 〈n¤x, f〉 = 〈n, x ? f〉 (f ∈ L1(G)). Similarly, the right Arens product m♦n ∈ L1(G)∗∗ satisfies

〈x,m♦n〉 = 〈x♦m,n〉 with x♦m = (m⊗ ι)Γ(x) ∈ L∞(G) given by 〈f, x♦m〉 = 〈f ? x,m〉 (f ∈ L1(G)). It

can be shown by a matricial argument that both Arens products are completely contractive multiplications

on L1(G)∗∗. The algebra L1(G) is said to be Arens regular if ¤ and ♦ coincide on L1(G)∗∗.
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Clearly, the map L1(G)∗∗ −→ L1(G)∗∗, n 7−→ n¤m is w∗-w∗ continuous for each m ∈ L1(G)∗∗. The

left topological centre of L1(G)∗∗ is defined by

Z(L1(G)∗∗, ¤) = {m ∈ L1(G)∗∗ : the map n 7−→ m¤n is w∗-w∗ continuous on L1(G)∗∗}.

The right topological centre Z(L1(G)∗∗,♦) of L1(G)∗∗ is defined analogously. Then we have

L1(G) ⊆ Z(L1(G)∗∗, ¤) ∩ Z(L1(G)∗∗,♦) and Z(L1(G)∗∗, ¤) ∪ Z(L1(G)∗∗,♦) ⊆ L1(G)∗∗,

and L1(G) is Arens regular if and only if Z(L1(G)∗∗, ¤) = L1(G)∗∗ = Z(L1(G)∗∗,♦). The algebra L1(G)

is said to be strongly Arens irregular (SAI) if Z(L1(G)∗∗, ¤) = L1(G) = Z(L1(G)∗∗,♦) (cf. [8]).

For an L1(G)-submodule X of L∞(G) and for x ∈ X and m ∈ X∗, one can naturally define m¤x,

x♦m ∈ L∞(G). Then X is said to be left introverted in L∞(G) if X∗¤X ⊆ X. In this case, the

canonical quotient map L1(G)∗∗ −→ X∗ yields a Banach algebra multiplication on X∗ (also denoted by

¤) such that (X∗, ¤) ∼= (L1(G)∗∗, ¤)/X⊥. The topological centre Zt(X∗) of X∗ is defined analogously to

Z(L1(G)∗∗,¤). Right introverted subspaces of L∞(G) and their topological centres are defined similarly.

Let C0(G) be the reduced C∗-algebra associated with G (cf. [35]) and let M(C0(G)) be the multiplier

algebra of C0(G). Then

(2.2) C0(G) ⊆ M(C0(G)) ⊆ L∞(G).

A quantum group G is compact if 1 ∈ C0(G), and is discrete if the dual quantum group Ĝ of G is compact,

which is equivalent to L1(G) being unital (cf. [14] and [55]). The co-multiplication Γ maps C0(G) into the

multiplier algebra M(C0(G) ⊗ C0(G)) of the minimal C∗-algebra tensor product C0(G) ⊗ C0(G). Then

C0(G)∗ is a completely contractive Banach algebra under the multiplication (also denoted by ?) given by

(2.3) 〈µ ? ν, x〉 = 〈µ⊗ ν, Γ(x)〉 = 〈µ, (id⊗ ν)Γ(x)〉 = 〈ν, (µ⊗ id)Γ(x)〉 (µ, ν ∈ C0(G)∗, x ∈ C0(G)),

where µ ⊗ ν = µ(id ⊗ ν) = ν(µ ⊗ id) ∈ M(C0(G) ⊗ C0(G))∗. It is known that L1(G) is identified with

a closed two-sided ideal in (C0(G)∗, ?) via f 7−→ f |C0(G) (cf. [35, pages 913–914]). If G is commutative

(respectively, co-commutative), then C0(G) = C0(G) and C0(G)∗ = M(G) (respectively, C0(G) = C∗λ(G)

and C0(G)∗ = Bλ(G)) for some locally compact group G, where C∗λ(G) is the reduced group C∗-algebra of

G and Bλ(G) is the reduced Fourier-Stieltjes algebra of G. The C∗-algebra C0(G) is two-sided introverted

in L∞(G), and the Arens products ¤ and ♦ on C0(G)∗ coincide; they are just the product ? due to (2.1)

and (2.3) (cf. [29, (2.10)]). We use M(G) to denote the completely contractive Banach algebra (C0(G)∗, ?).

Then M(G) is a dual Banach algebra in the sense of [54, Definition 1.1]; that is, the multiplication on

M(G) is separately w∗-continuous. We showed in [29, Proposition 2.2] that the multiplication on M(G)

is also faithful.

According to [26, 56], the subspaces LUC(G) and RUC(G) of L∞(G) are defined by

(2.4) LUC(G) = 〈L∞(G) ? L1(G)〉 and RUC(G) = 〈L1(G) ? L∞(G)〉.

Then LUC(G) is left introverted in L∞(G), and RUC(G) is right introverted in L∞(G). They are

the usual spaces LUC(G) and RUC(G) if G = L∞(G) for a locally compact group G, where LUC(G)

(respectively, RUC(G)) is the space of bounded left (respectively, right) uniformly continuous functions

on G. If G = V N(G), then LUC(G) = RUC(G) is the space UCB(Ĝ) of uniformly continuous functionals

on A(G) (cf. [20]). We say that G is an SIN quantum group if LUC(G) = RUC(G) (cf. [26]). In [56,
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Theorem 2.4], Runde showed that LUC(G) is an operator system in L∞(G) such that

(2.5) C0(G) ⊆ LUC(G) ⊆ M(C0(G)).

It was proved in [29, Theorem 5.6] that if G is semi-regular, then LUC(G) is a unital C∗-subalgebra of

M(C0(G)). This is a quite general result, which covers all Kac algebras, though we still do not know

whether it holds for all quantum groups. See [56, 58] for some co-amenable cases, where LUC(G) was

also shown to be a C∗-algebra.

Let WAP (G) be the space of weakly almost periodic functionals on L1(G), i.e., the subspace of L∞(G)

consisting of x ∈ L∞(G) such that L1(G) −→ L∞(G), f 7−→ x ? f is weakly compact. Then WAP (G) is

an L1(G)-submodule of L∞(G) and is two-sided introverted in L∞(G). It is known that if G = L∞(G),

then WAP (G) = WAP (G), the space of weakly almost periodic functions on G (cf. [8, page 69]), and

hence WAP (G) is often denoted by WAP (Ĝ) when G = V N(G). We have C0(G) ⊆ WAP (G) since the

two Arens products on C0(G)∗ coincide, and WAP (G) ⊆ LUC(G)∩RUC(G) if G is co-amenable (cf. [8,

Propositions 3.11 and 3.12] and [56, Theorem 4.4]). The relation between LUC(G) and WAP (G) will be

investigated in Section 3.

If G is co-amenable, then there exists a canonical completely isometric algebra homomorphism M(G) ∼=
RMcb(L1(G)) −→ LUC(G)∗ (cf. [29, Propositions 3.1 and 6.5]). In general, M(G) can be linked to

LUC(G)∗ without going though RMcb(L1(G)) (cf. (2.14) below). In fact, as shown in [29, Proposition

6.1], we can obtain a completely isometric embedding π : M(G) −→ LUC(G)∗ via the existence of a

unique strictly continuous extension of each µ ∈ C0(G)∗ to LUC(G). This generalizes the corresponding

result by Lau and Losert [42] on A(G). We note that an isometric embedding of M(G) −→ LUC(G)∗ was

considered in [52, Lemma 4.1], but missing in its proof the above strictly continuous extension property.

In the following, we show that this embedding result can be strengthened and extended to more general

left introverted subspaces X of L∞(G) satisfying C0(G) ⊆ X ⊆ M(C0(G)). A related result for subspaces

of M(C0(G)) with a stronger left introversion property can be found in [58]. To make the presentation

clear, we use ˜M(C0(G)) to denote the idealizer of C0(G) in C0(G)∗∗. That is,

(2.6) ˜M(C0(G)) = {x ∈ C0(G)∗∗ : ãx, xã ∈ C0(G) for all a ∈ C0(G)}.

Here, for a ∈ C0(G), we use ã to denote the canonical image of a in C0(G)∗∗. It is known that we have

the C∗-algebra isomorphism M(C0(G)) ∼= ˜M(C0(G)), which extends the identification C0(G) ∼= C̃0(G).

We shall define the embedding M(G) −→ X∗ through the map

(2.7) τ : X ⊆ M(C0(G)) ∼= ˜M(C0(G)) ⊆ C0(G)∗∗.

This approach to constructing the embedding M(G) −→ X∗ is different from the one used in [29, 58]

and also different from the one used in [42] for G = V N(G). Note that τ(C0(G)) = C̃0(G) and X is a

C0(G)-submodule of M(C0(G)). Therefore, τ : X −→ C0(G)∗∗ is a C0(G)-bimodule map. We use · to

denote the canonical C0(G)-bimodule actions on M(G). Then M(G) = M(G) · C0(G) = C0(G) ·M(G)

(cf. [50, Proposition 9.4.27]).

Proposition 2.1. Let G be a locally compact quantum group and let X be a left introverted subspace of

L∞(G) such that C0(G) ⊆ X ⊆ M(C0(G)). Let τ : X −→ C0(G)∗∗ be the map given in (2.7). Then

π = τ∗|M(G) : M(G) −→ X∗ is a completely isometric algebra homomorphism such that

X∗ = π(M(G))⊕ C0(G)⊥,
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where C0(G)⊥ = {m ∈ X∗ : m|C0(G) = 0} is a w∗-closed ideal in X∗.

Furthermore, we have

(i) π : M(G) −→ X∗ is a C0(G)-bimodule and L1(G)-bimodule map satisfying

〈π(µ), x ? f〉 = 〈x, f ? µ〉 and 〈π(µ), f ? x〉 = 〈x, µ ? f〉 (µ ∈ M(G), x ∈ X, f ∈ L1(G));

(ii) π∗|X = τ ;

(iii) π(M(G)) ⊆ Zt(X∗) if X ⊆ LUC(G).

Proof. Let µ ∈ M(G). By definition, we have π(µ) = µ̃ ◦ τ , where µ̃ is the canonical image of µ in

M(G)∗∗ = [C0(G)∗∗]∗. Therefore, π(µ)|C0(G) = µ, and π : M(G) −→ X∗ is a complete isometry.

On the other hand, since M(G) = M(G) ·C0(G) and τ : X −→ C0(G)∗∗ is a C0(G)-bimodule map, the

functional π(µ) ∈ X∗ is continuous in the relative strict topology of X, and thus we also have π(µ) = µ′|X ,

where µ′ ∈ M(C0(G))∗ is the unique strictly continuous extension of µ. Note that the co-multiplication Γ

maps M(C0(G)) into M(C0(G)⊗C0(G)), and is strictly continuous on the closed unit ball of M(C0(G)).

Hence, we derive from (2.1) and (2.3) that

(2.8) π(µ)¤x = (ι⊗ µ)Γ(x) and π(µ)¤π(ν) = π(µ ? ν) for all x ∈ X and µ, ν ∈ M(G).

It follows that π : M(G) −→ X∗ is an algebra homomorphism. Clearly, C0(G)⊥ is a w∗-closed ideal in

X∗, and we have X∗ = π(M(G))⊕ C0(G)⊥.

(i) Since τ is a C0(G)-bimodule map, so is the map π = τ∗|M(G). Let f ∈ L1(G). Then π(f) = f |X .

Thus π(f ?µ) = π(f)¤π(µ) = f ?π(µ). Similarly, we have π(µ?f) = π(µ)?f . Therefore, π : M(G) −→ X∗

is an L1(G)-bimodule map, and the two equalities hold.

(ii) This is evident.

(iii) We first suppose that X = 〈X ? L1(G)〉. It is seen from (i) that (x ? f)♦π(µ) = x ? (f ? µ) for all

x ∈ X and f ∈ L1(G). Then X♦π(µ) ⊆ X since X = 〈X ?L1(G)〉. Combining this with the first equality

in (i), we have 〈π(µ)¤n, x〉 = 〈x♦π(µ), n〉 for all n ∈ X∗ and x ∈ X. Therefore, π(µ) ∈ Zt(X∗).

In general, we suppose that X ⊆ LUC(G). By the above argument, we have M(G) ⊆ Zt(LUC(G)∗)

under the embedding M(G) −→ LUC(G)∗, whose composition with the restriction map LUC(G)∗ −→ X∗

is just the map π : M(G) −→ X∗. Since the restriction map LUC(G)∗ −→ X∗ is a surjective algebra

homomorphism, we obtain that M(G) ⊆ Zt(X∗). ¤

Remark 2.2. It is seen from Proposition 2.1(ii) that π∗|X is completely isometric, since it is exactly

the canonical inclusion map τ : X −→ C0(G)∗∗. In particular, if G = V N(G) and X = UCB(Ĝ), then

π∗|UCB(Ĝ) is completely isometric, which was proved in [31, Proposition 3.3] under the hypothesis that

A(G) has an approximate identity of completely bounded multiplier norm 1. The map π∗|UCB(Ĝ) was

earlier considered in [42, Proposition 7.5], where Lau and Losert showed that G is compact if and only if

π∗(UCB(Ĝ)) = Bλ(G)∗. See Theorem 3.7 below for the quantum group version of their result.

Let W and V be the left and right fundamental unitaries of G, respectively. Let

λ : L1(G) −→ C0(Ĝ) ⊆ L∞(Ĝ), f 7−→ (f ⊗ ι)(W )

be the left regular representation of G. Then λ has a natural w∗-w∗ continuous and completely contractive

algebra extension M(G) −→ L∞(Ĝ), which is still denoted by λ and given by 〈λ(µ), f̂〉 = 〈µ, λ∗(f̂)〉, where

λ∗ : L1(Ĝ) −→ C0(G) ⊆ L∞(G) is the completely contractive injection f̂ 7−→ (ι⊗ f̂)(W ). Since C0(Ĝ) =

λ(L1(G))
‖·‖

, we have λ : M(G) −→ M(C0(Ĝ)) ⊆ L∞(Ĝ). Similarly, the right regular representation
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ρ : L1(G) −→ L∞(Ĝ′), f 7−→ (ι⊗ f)(V ) of G is extended naturally to a w∗-w∗ continuous and completely

contractive algebra homomorphism ρ : M(G) −→ M(C0(Ĝ′)) ⊆ L∞(Ĝ′) satisfying 〈ρ(µ), f̂ ′〉 = 〈µ, ρ∗(f̂ ′)〉,
where ρ∗ : L1(Ĝ′) −→ C0(G) ⊆ L∞(G) is the completely contractive injection f̂ ′ 7−→ (f̂ ′⊗ι)(V ) (cf. [29]).

The proof of Proposition 2.1 shows that for all µ ∈ M(G), f̂ ∈ L1(Ĝ), and f̂ ′ ∈ L1(Ĝ′), we have

(2.9) 〈π(µ), λ∗(f̂)〉 = 〈λ(µ), f̂〉 and 〈π(µ), ρ∗(f̂ ′)〉 = 〈ρ(µ), f̂ ′〉.

When G = V N(G) and X = LUC(G), this relation between the map π and the left and right regular

representations of G was given in [42, Proposiiton 4.2(b)].

As in the situation above for the left and right regular representations of G, the maps λ∗ and ρ∗ can also

be extended naturally to w∗-w∗ continuous complete contractions λ∗ : M(Ĝ) −→ M(C0(G)) ⊆ L∞(G)

and ρ∗ : M(Ĝ′) −→ M(C0(G)) ⊆ L∞(G), respectively. If $A : A∗ −→ M(A)∗ denotes the (unique)

strictly continuous extension map for a given C∗-algebra A, then, extending (2.9), we can further obtain

(2.10) 〈$C0(G)(µ), λ∗(µ̂)〉 = 〈λ(µ), $C0(Ĝ)(µ̂)〉 and 〈$C0(G)(µ), ρ∗(µ̂′)〉 = 〈ρ(µ), $C0(Ĝ′)(µ̂
′)〉,

where µ ∈ M(G), µ̂ ∈ M(Ĝ), and µ̂′ ∈ M(Ĝ′).
Note that the left regular representation λ̂ : L1(Ĝ) −→ L∞(G) of Ĝ is given by λ̂(f̂) = (f̂ ⊗ ι)(ΣW ∗Σ),

and the right regular representation ρ̂′ : L1(Ĝ′) −→ L∞(G) of Ĝ′ is given by ρ̂′(f̂ ′) = (ι ⊗ f̂ ′)(ΣV ∗Σ),

where Σ is the flip operator on L2(G)⊗ L2(G). It follows that

λ∗(f̂) = λ̂((f̂)∗)∗ and ρ∗(f̂ ′) = ρ̂′((f̂ ′)∗)∗ (f̂ ∈ L1(Ĝ), f̂ ′ ∈ L1(Ĝ′)).

Therefore, the maps λ∗ : M(Ĝ) −→ L∞(G) and ρ∗ : M(Ĝ′) −→ L∞(G) are anti-algebra homomorphisms.

It is known that for any locally compact group G, the Fourier-Stieltjes algebra B(G) of G is contained

in WAP (G), and the left regular representation of G maps M(G) into WAP (Ĝ) (cf. [13, Theorem 11.2],

[5, Corollary 3.3], and [12, Theorem 2.8 and Chapter 8]). For a general locally compact quantum group G,

from the proof below, we see in particular how the embedding M(Ĝ) ⊆ WAP (G) can be obtained quickly

via the pair (λ, λ∗) of maps. The proof also motivates the argument used in Section 5 in establishing the

stronger embedding Cu(Ĝ)∗ ⊆ WAP (G), a quantum group version of the above results on L∞(G) and

V N(G), where Cu(Ĝ) is the universal quantum group C∗-algebra of Ĝ.

Proposition 2.3. Let G be a locally compact quantum group. Then

λ(M(G)) ⊆ WAP (Ĝ), ρ(M(G)) ⊆ WAP (Ĝ′), λ∗(M(Ĝ)) ⊆ WAP (G), and ρ∗(M(Ĝ′)) ⊆ WAP (G).

Therefore, if G and Ĝ are co-amenable, then we have

(2.11) 〈π(µ), λ∗(µ̂)〉 = 〈λ(µ), π̂(µ̂)〉 and 〈π(µ), ρ∗(µ̂′)〉 = 〈ρ(µ), π̂′(µ̂′)〉

for all µ ∈ M(G), µ̂ ∈ M(Ĝ), and µ̂′ ∈ M(Ĝ′), where π, π̂, and π̂′ are the embeddings M(H) −→ LUC(H)∗

given in Proposition 2.1 with H = G, Ĝ, and Ĝ′, respectively.

Proof. To make the notation simple, we prove only the third inclusion; the proof of the rest inclusions is

similar, noticing that λ and ρ are algebra homomorphisms and λ∗ and ρ∗ are anti-algebra homomorphisms.

Let µ̂ ∈ M(Ĝ) and f ∈ L1(G). Then we have

(2.12) λ∗(µ̂) ? f = λ∗(µ̂ · λ(f)),

where for m̂ ∈ M0(Ĝ)∗, µ̂ · m̂ ∈ M(Ĝ)∗∗ is given by 〈µ̂ · m̂, n̂〉 = 〈µ̂, m̂n̂〉 (n̂ ∈ M(Ĝ)∗). The functional

µ̂ · m̂ is indeed in M(Ĝ), since the multiplication on the von Neumann algebra M(Ĝ)∗ is separately w∗-w∗
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continuous. Then µ̂ · λ(fi) −→ µ̂ · m̂ weakly in M(Ĝ) if λ(fi) −→ m̂ ∈ M(Ĝ)∗ in the w∗-topology of

M(Ĝ)∗. It follows that the set {µ̂ · λ(f) : f ∈ L1(G) and ‖f‖ ≤ 1} is relatively weakly compact in M(Ĝ).

Therefore, the set {λ∗(µ̂)?f : f ∈ L1(G) and ‖f‖ ≤ 1} is relatively weakly compact in L∞(G) (cf. (2.12));

that is, λ∗(µ̂) ∈ WAP (G).

The final assertion follows from (2.10) and the fact that WAP (H) ⊆ LUC(H) if H is co-amenable. ¤

Theorem 2.4. Let G be a locally compact quantum group and let X be a left introverted subspace of

L∞(G) containing C0(G). Then

(i) X∗ is right unital ⇐⇒ G is co-amenable;

(ii) X∗ is left unital ⇐⇒ [G is co-amenable and X ⊆ LUC(G)]. In this case, X∗ is unital and

X = 〈X ? L1(G)〉.
Proof. It is known from [3, Theorem 3.1] that G is co-amenable if and only if M(G) is unital; the latter is

also equivalent to M(G) being right or left unital, since C0(G) = 〈C0(G) ? M(G)〉 = 〈M(G) ? C0(G)〉 (cf.

[29, Proposition 2.2]). Note that the restriction map X∗ −→ M(G) is a surjective algebra homomorphism,

and any w∗-cluster point of a bounded approximate identity of L1(G) in X∗ is a right identity of X∗.

Hence, (i) is true, and (ii) follows from (i) and the fact that L1(G) is w∗-dense in X∗. ¤

Therefore, (L∞(G)∗, ¤) is (left) unital ⇐⇒ [G is co-amenable and L∞(G) = LUC(G)], and for X =

C0(G), LUC(G), or WAP (G), we have

(2.13) X∗ is one-sided (and hence two-sided) unital ⇐⇒ G is co-amenable.

Clearly, we have the following corollary by (2.8), Proposition 2.1(i), and Theorem 2.4.

Corollary 2.5. Let X and π be the same as in Proposition 2.1. Then X is a left M(G)-submodule of

L∞(G) and π is a right M(G)-module map. In addition, if X is an M(G)-submodule of L∞(G) (e.g.,

X = C0(G), LUC(G), WAP (G)), then π is an M(G)-bimodule map.

In particular, if G is co-amenable with µ0 the identity of M(G), then e0 = π(µ0) is a right identity of

X∗, and π is given by µ 7−→ e0 ? µ, which is equal to µ 7−→ µ ? e0 if X is an M(G)-submodule of L∞(G).

The corollary below follows immediately from Proposition 2.1 and its proof. See [31] for results on

extension of reduced Fourier-Stieltjes algebra homomorphisms.

Corollary 2.6. Let G1 and G2 be locally compact quantum groups and let j : M(G1) −→ M(G2) be a

bounded algebra homomorphism. Suppose that for i = 1, 2, Xi is a left introverted subspace of L∞(Gi)

such that C0(Gi) ⊆ Xi ⊆ M(C0(Gi)) and j∗(τ2(X2)) ⊆ τ1(X1), where τi : Xi −→ C0(Gi)∗∗ is given as in

(2.7). Then the bounded linear map κ = τ−1
1 ◦ j∗ ◦ τ2 : X2 −→ X1 satisfies the following:

(i) the adjoint map κ∗ : X∗
1 −→ X∗

2 is the unique w∗-w∗ continuous extension of j and an algebra

homomorphism with ‖κ∗‖ = ‖j‖;
(ii) if j is completely bounded, then so is κ∗ and we have ‖κ∗‖cb = ‖j‖cb.

Let BL1(G)(L∞(G)) be the Banach algebra of bounded right L1(G)-module maps on L∞(G) and let

RM(L1(G)) be the right multiplier algebra of L1(G) (with opposite composition as the multiplication).

Then RM(L1(G)) ∼= Bσ
L1(G)(L∞(G)) via µ 7−→ µ∗, where Bσ

L1(G)(L∞(G)) is the Banach algebra consisting

of w∗-w∗ continuous maps in BL1(G)(L∞(G)). For m ∈ LUC(G)∗, let mL(x) = m¤x (x ∈ L∞(G)), and

we use the same notation when m ∈ L∞(G)∗. Then the map

LUC(G)∗ −→ BL1(G)(L∞(G)), m 7−→ mL
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is an injective, contractive, and w∗-w∗ continuous algebra homomorphism (cf. [29]). In the sequel,

whenever the algebras RM(L1(G)) and LUC(G)∗ are compared, they are identified with their canonical

images in BL1(G)(L∞(G)). Also, we write L1(G) = M(G) if the canonical embedding L1(G) −→ M(G) is

onto. It is seen from Proposition 2.1(i) that we have the commutative diagram

(2.14)

M(G) mr

−−−−−→ RM(L1(G))

π
y

y T 7−→ T ∗

LUC(G)∗ −−−−−−→
n 7−→nL

BL1(G)(L∞(G))

of algebra homomorphisms, where mr(µ)(f) = f ? µ (µ ∈ M(G), f ∈ L1(G)). Therefore, we always have

M(G) ⊆ RM(L1(G)) ∩ LUC(G)∗.

For general Banach algebras, we introduced in [26] the concept of quotient strong Arens irregularity

(Q-SAI). It is known from Proposition 2.1(iii) and [26, Theorem 32] that

(2.15) L1(G) is Q-SAI ⇐⇒ Zt(LUC(G)∗) ⊆ RM(L1(G)) ⇐⇒ Zt(LUC(G)∗) = M(G).

It was also shown in [26, Theorem 15] that

(2.16) G is co-amenable ⇐⇒ RM(L1(G)) ⊆ Zt(LUC(G)∗) ⇐⇒ LUC(G)∗ = BL1(G)(L∞(G)).

Therefore, Q-SAI and co-amenability are in a sense opposite to each other, and every commutative locally

compact quantum group happens to possess both properties.

Let Bl
L1(G)(L∞(G)) be the space of T ∈ BL1(G)(L∞(G)) such that T ∗(L1(G)) ⊆ Zt(L1(G)∗∗, ¤). Then

Bl
L1(G)(L∞(G)) = {T ∈ BL1(G)(L∞(G)) : L1(G)∗∗ → BL1(G)(L∞(G)),m 7→ T ◦mL is w∗-w∗ continuous}.

The space Br
L1(G)(L∞(G)) can be defined and obtained analogously by replacing Zt(L1(G)∗∗, ¤) and

mL by Zt(L1(G)∗∗,♦) and mR, respectively, where mR(x) = x♦m (x ∈ L∞(G)). Then we have

Br
L1(G)(L∞(G)) = BL1(G)∗∗(L∞(G)), the algebra of bounded right (L1(G)∗∗,♦)-module maps on L∞(G).

It is evident that

Bσ
L1(G)(L∞(G)) ⊆ Bl

L1(G)(L∞(G)) ⊆ BL1(G)(L∞(G)).

Due to [26, Corollary 4(i) and Theorems 23 and 32], we have

(2.17) L1(G) is Q-SAI ⇐⇒ Bl
L1(G)(L∞(G)) = Bσ

L1(G)(L∞(G)).

Remark 2.7. Suppose that L1(G) is Q-SAI and X is given as in Proposition 2.1(iii). Then we have

C0(G) ⊆ X ⊆ LUC(G) and Zt(LUC(G)∗) = Zt(C0(G)∗) = M(G) ⊆ Zt(X∗). In this situation, however,

we may not have Zt(X∗) = M(G). For example, if G = L∞(G) with G a non-compact locally compact

group, then X = WAP (G) satisfies all the conditions in Proposition 2.1(iii), but Zt(X∗) = WAP (G)∗ 6=
M(G) since C0(G) $WAP (G).

Remark 2.8. Let G and H be locally compact quantum groups. Suppose that there exist bounded

algebra homomorphisms t : L1(G) −→ L1(H) and s : L1(H) −→ L1(G) such that

t ◦ s = idL1(H), (s ◦ t)(f) ? s(h) = f ? s(h), and s(h) ? (s ◦ t)(f) = s(h) ? f (f ∈ L1(G), h ∈ L1(H)).

It can be shown that if L1(G) is Q-SAI (respectively, SAI), then so is L1(H). See [24, 25] for such results

in the co-commutative case. The above conditions are satisfied if L∞(H) is a von Neumann subalgebra of

L∞(G) with ΓH = ΓG|L∞(H) and there is a normal conditional expectation P from L∞(G) onto L∞(H)

such that (idL∞(G)⊗P ) ◦ΓG = (P ⊗ idL∞(G)) ◦ΓG = ΓG ◦P . This is the case in particular if G = L∞(G)
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and H = L∞(G/K), or G = V N(G) and H = V N(G0), where G is a locally compact group, K is a

compact normal subgroup of G, and G0 is an open subgroup of G. In other words, for commutative

and co-commutative quantum groups, these conditions are satisfied if H is a Kac subalgebra of G (cf.

[15, Theorem 4.5.10 and Corollary 4.3.6]). The reader is referred to [59, 62] for the related concepts of

quantum subgroups and coideals of quotient type.

Finally, we recall that the class of Banach algebras of type (M) was introduced in [27]. Roughly

speaking, a Banach algebra A is of type (M) if an algebraic form of the Kakutani-Kodaira theorem on

locally compact groups holds for A (see [27] for the precise definition). It is known from [27] that every

L1(G) is in this class, and so is A(G) if G is amenable. Also, any separable quantum group algebra L1(G)

with G co-amenable is of type (M). The reader is referred to [27] for more information on this class of

Banach algebras.

3. Module maps over quantum groups, compactness, and discreteness

Theorem 3.1. Let G be a locally compact quantum group. Then the following statements are equivalent:

(i) G is compact;

(ii) LUC(G) = C0(G);

(iii) the embedding π : M(G) −→ LUC(G)∗ is w∗-w∗ continuous;

(iv) LUC(G)∗ = M(G);

(v) LUC(G)∗ ⊆ RM(L1(G));

(vi) L1(G) ? L1(G)∗∗ ⊆ L1(G);

(vii) L1(G) ? LUC(G)∗ ⊆ M(G);

(viii) L1(G) ? LUC(G)∗ ⊆ RM(L1(G));

(ix) BL1(G)(L∞(G)) = Bσ
L1(G)(L∞(G)).

In addition, the inclusions in (v) and (vi) can be replaced by the equalities if G is co-amenable.

Proof. (i) ⇐⇒ (ii). This follows from (2.5) and the facts that 1 ∈ LUC(G), and G is compact (i.e.,

1 ∈ C0(G)) if and only if C0(G) = M(C0(G)).

(ii) =⇒ (vi). Suppose that C0(G) = LUC(G). Let f , g ∈ L1(G), m ∈ L1(G)∗∗, and p = m|LUC(G).

Then p ∈ M(G) and g ? p ∈ L1(G). For all x ∈ L∞(G), we have x ? f ∈ C0(G), and thus

〈(f ? g) ? m, x〉 = 〈p, (x ? f) ? g〉M(G),C0(G) = 〈g ? p, x ? f〉L1(G),L∞(G) = 〈f ? (g ? p), x〉.
Therefore, (f ? g) ? m = f ? (g ? p) ∈ L1(G), and hence (vi) holds since 〈L1(G) ? L1(G)〉 = L1(G).

(vi) =⇒ (ii). Assume that L1(G) ? L1(G)∗∗ ⊆ L1(G) but C0(G) $ LUC(G). Then there exists

m ∈ L1(G)∗∗ such that m|LUC(G) 6= 0 but m|C0(G) = 0. For all a ∈ C0(G) and f ∈ L1(G), we have

〈a, f ? m〉 = 〈a ? f, m〉 = 0 since a ? f ∈ C0(G), and hence f ? m = 0, noticing that f ? m ∈ L1(G). Thus

〈x ? f, m〉 = 〈x, f ? m〉 = 0 for all x ∈ L∞(G) and f ∈ L1(G); that is, m|LUC(G) = 0, a contradiction.

(ii) =⇒ (iii). Note that for µ ∈ M(G), the functional π(µ) is an extension of µ to LUC(G). Therefore, if

C0(G) = LUC(G), then π : M(G) −→ LUC(G)∗ is just the identity map and hence is w∗-w∗ continuous.

(iii) =⇒ (iv). Suppose that π : M(G) −→ LUC(G)∗ is w∗-w∗ continuous. Then π(M(G)) is w∗-closed

in LUC(G)∗, since π is isometric. Note that π(L1(G)) is w∗-dense in LUC(G)∗. Therefore, we have

LUC(G)∗ = π(M(G)).

(vi) ⇐⇒ (vii) ⇐⇒ (viii). This can be shown by the same argument as used in the proof of (ii) =⇒ (vi),

noticing that LUC(G)∗ is a canonical quotient algebra of (L1(G)∗∗, ¤) and 〈L1(G) ? L1(G)〉 = L1(G).
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(iv) =⇒ (v) =⇒ (viii), and (ix) =⇒ (v). This is obvious.

(v) =⇒ (ix). This follows from [28, Theorem 3.2(V)] on Banach algebras A satisfying 〈A2〉 = A. To

make the proof self-contained, we give below a direct proof. Suppose that LUC(G)∗ ⊆ RM(L1(G)). Let

T ∈ BL1(G)(L∞(G)). Then S = T |LUC(G) : LUC(G) −→ LUC(G) and thus S∗(LUC(G)∗) ⊆ RM(L1(G)).

Let f , g ∈ L1(G). Then S∗(g)L = µ∗ for some µ ∈ RM(L1(G)). Hence, for all x ∈ L∞(G), we have

〈T ∗(f ? g), x〉 = 〈g, T (x) ? f〉 = 〈g, S(x ? f)〉 = 〈S∗(g), x ? f〉 = 〈S∗(g)L(x), f〉 = 〈x, µ(f)〉.

Therefore, T ∗(f ? g) = µ(f) ∈ L1(G). Since 〈L1(G) ?L1(G)〉 = L1(G), it follows that T ∗(L1(G)) ⊆ L1(G)

and thus T ∈ Bσ
L1(G)(L∞(G)).

The final assertion holds since if G is co-amenable, then RM(L1(G)) ⊆ LUC(G)∗ (cf. (2.16)) and

L1(G) ⊆ L1(G) ? L1(G)∗∗, noticing that now (L1(G)∗∗, ¤) is right unital (cf. Theorem 2.4). ¤

The above Banach algebra approach gives an elementary proof of (i) ⇐⇒ (vi), which is one of the main

results of [55] by Runde. The proof can even be quicker if the embedding M(G) ↪→ LUC(G)∗ is used. For

G = L∞(G), (i) ⇐⇒ (ix) was shown by Lau [36, Theorem 2]. For G = V N(G), (i) ⇐⇒ (ii), (i) ⇐⇒ (iii),

(i) ⇐⇒ (iv), and (i) ⇐⇒ (vi) were shown by Lau [37, Proposition 4.5], Ilie and Stokke [31, Proposition

3.5], Lau and Losert [42, Theorem 4.12], and Lau [38, Theorem 3.7], respectively.

Obviously, (vi) is equivalent to L1(G)∗∗ ?L1(G) ⊆ L1(G), since L1(G) is an involutive Banach algebra.

Note that C0(G)⊥∩RM(L1(G)) = {0}, where C0(G)⊥ is the annihilator of C0(G) in LUC(G)∗. Therefore,

due to (i)⇐⇒ (ii), we can also replace the product L1(G)?LUC(G)∗ in (vii) and (viii) by LUC(G)∗?L1(G).

Recall that a locally compact quantum group G is called amenable if there exists a left invariant mean

on L∞(G); that is, there exists m ∈ L∞(G)∗ such that ‖m‖ = 〈m, 1〉 = 1 and f ? m = 〈1, f〉m for all

f ∈ L1(G). In this case, m|LUC(G) is a left invariant mean on LUC(G) since 1 ∈ LUC(G). Right invariant

means are defined similarly. It is known that the involution on L1(G) can be canonically extended to a

linear involution ◦ on L1(G)∗∗ satisfying (m¤n)◦ = n◦♦m◦ (cf. [26, page 633]). Clearly, m ∈ L∞(G)∗

is a left invariant mean if and only if m◦ is a right invariant mean. Therefore, the existence of a right

invariant mean on L∞(G) is equivalent to G being amenable. It is also known that every co-commutative

locally compact quantum group is amenable.

It is not clear whether WAP (G) always has a left invariant mean, though this is the case when G is

commutative or amenable (cf. [56, Remark 4.7]). Similar to the situation for LUC(G), the restriction

to WAP (G) of any one-sided invariant mean on L∞(G) is a mean on WAP (G) with the same side of

invariance. Furthermore, for any left (respectively, right) invariant mean m on WAP (G) with p ∈ L∞(G)∗

a Hahn-Banach extension of m, it is seen that n = p◦|WAP (G) is a right (respectively, left) invariant mean

on WAP (G). As noted in [56, Remark 4.7], we can conclude that

(3.1) any one-sided invariant mean on WAP (G) is unique and two-sided invariant whenever it exists.

According to [26], the norm closed subspace LUC(G)∗R of LUC(G)∗ is defined by

LUC(G)∗R = {m ∈ LUC(G)∗ : x♦m ∈ LUC(G) for all x ∈ LUC(G)}.

For m ∈ LUC(G)∗R and n ∈ LUC(G)∗, we naturally define m♦n ∈ LUC(G)∗. It is known from [26,

Theorem 2] that

(3.2) Zt(LUC(G)∗) = {m ∈ LUC(G)∗R : m¤n = m♦n for all n ∈ LUC(G)∗}.



MODULE MAPS OVER QUANTUM GROUPS 11

Therefore, we have

M(G) ⊆ Zt(LUC(G)∗) ⊆ LUC(G)∗R ⊆ LUC(G)∗.

It is evident that m ∈ LUC(G)∗R if m is a right invariant mean on LUC(G).

Theorem 3.2. Let G be a locally compact quantum group. Then the following statements are equivalent:

(i) LUC(G) ⊆ WAP (G);

(ii) LUC(G)∗ = Zt(LUC(G)∗);

(iii) L1(G) ? L1(G)∗∗ ⊆ Zt(L1(G)∗∗,¤);

(iv) L1(G) ? LUC(G)∗ ⊆ Zt(LUC(G)∗);

(v) BL1(G)(L∞(G)) = Bl
L1(G)(L∞(G)).

If LUC(G)∗ is left faithful (e.g., G is co-amenable or SIN), then (i) - (v) are equivalent to

(vi) LUC(G)∗R = Zt(LUC(G)∗).

Furthermore, the above (i) - (vi) are all equivalent to G being compact in the following two cases:

(a) L1(G) is Q-SAI;

(b) G is amenable with L1(G) separable.

Proof. The first two assertions follow from [28, Theorem 5.4] on more general Banach algebras A satisfying

〈A2〉 = A. To show the final assertion, we suppose that (vi) holds. We prove that G is compact in the

cases (a) and (b), noticing that [G is compact] =⇒ (i) =⇒ (vi).

Case (a). In this case, by the equivalence (ii) ⇐⇒ (vi) (cf. [28, Theorem 5.4]), we have LUC(G)∗ =

Zt(LUC(G)∗) = M(G) (cf. (2.15)). Therefore, G is compact (cf. Theorem 3.1).

Case (b). Let m0 be a fixed right invariant mean on LUC(G), which exists by taking restriction to

LUC(G) of a right invariant mean on L∞(G). Let γ ∈ L∞(G)∗ be any left invariant mean and let

n = γ|LUC(G). Then m0 ∈ LUC(G)∗R = Zt(LUC(G)∗) and hence m0¤n = m0♦n. Since L1(G) is

w∗-dense in LUC(G)∗, n is a left invariant mean, and m0 is a right invariant mean, we obtain

n = 〈m0, 1〉n = m0¤n = m0♦n = 〈n, 1〉m0 = m0;

that is, n = m0. Taking an f0 ∈ L1(G) with f0(1) = 1, we have

〈γ, x〉 = f0(1)〈γ, x〉 = 〈γ, x ? f0〉 = 〈n, x ? f0〉 = 〈m0, x ? f0〉 for all x ∈ L∞(G).

Therefore, γ is the unique left invariant mean on L∞(G).

To obtain that G is compact, by [3, Proposition 3.1], we need only show that γ is in L1(G). This

is indeed true by applying [39, Proposition 4.15(b)] on F -algebras, a class of Banach algebras including

all convolution quantum group algebras. In fact, as mentioned in [39, Proposition 4.15(b)] (with details

omitted), this follows by an argument given in the proof of [20, Theorem 7] (more precisely, by using [19,

Corollary 1.3]). For convenience, we include below details of this argument.

Let K be the set of normal states on L∞(G). Then, by the Hahn-Banach theorem, we have γ ∈ K
w∗

(the

w∗-closure of K in L∞(G)∗). Let (ui) be a norm dense sequence in K. For each i, let si : L1(G) −→ L1(G)

be the bounded linear map f 7−→ (ui ? f) − f . Then the map s∗∗i : L∞(G)∗ −→ L∞(G)∗ is given by

p 7−→ (ui ? p)− p. Let

F = K
w∗ ∩ {p ∈ L∞(G)∗ : s∗∗i (p) = 0 for i = 1, 2, · · · }.
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Clearly, if p ∈ K
w∗

, then s∗∗i (p) = 0 for all i if and only if p is a left invariant mean on L∞(G). Therefore,

we have F = {γ}. By [19, Corollary 1.3], there exists a sequence (vi) in K such that vi −→ γ in the w∗-

topology of L∞(G)∗. Then (vi) is a weak Cauchy sequence in L1(G). It follows from the weak sequential

completeness of L1(G) that γ is indeed in L1(G). ¤

Remark 3.3. (i) An inspection of the proof shows that (b) can be replaced by the more general condition

(c) G is amenable, and is compact whenever L∞(G) has a unique left invariant mean.

It is known from [42, Corollary 4.11] that (c) is satisfied if G is co-commutative; in this case, Lau and

Losert [43, Proposition 5.1] showed that (ii) in Theorem 3.2 is equivalent to G being compact.

(ii) Obviously, L∞(G) has a unique left invariant mean if G is compact. In fact, due to (3.1), we have

(3.3) LUC(G) ⊆ WAP (G) =⇒ L∞(G) has at most one left invariant mean.

The proof of Theorem 3.2 shows that if G is amenable with L1(G) separable, then

(3.4) L∞(G) has a unique left invariant mean ⇐⇒ G is compact.

Corollary 3.4. Let G be a locally compact quantum group. Then the following statements are equivalent:

(i) G is compact;

(ii) L1(G) is Q-SAI and LUC(G) ⊆ WAP (G).

If L1(G) is separable, then (i) and (ii) are equivalent to

(iii) G is amenable and LUC(G) ⊆ WAP (G).

Therefore, if G is co-amenable, then G is compact ⇐⇒ [L1(G) is Q-SAI and LUC(G) = WAP (G)].

Proof. The first two assertions follow from Theorem 3.2. The final assertion holds, since WAP (G) ⊆
LUC(G) if G is co-amenable (cf. [8, Proposition 3.12]). ¤

Remark 3.5. (i) Since every group algebra L1(G) is Q-SAI (cf. [40]), for any commutative quantum

group G, we have that G is compact if and only if LUC(G) = WAP (G). In the co-commutative case,

though L1(G) can be non Q-SAI (cf. [47]), we still have

(3.5) G is compact ⇐⇒ LUC(G) ⊆ WAP (G).

This is true due to [20, Theorem 12] (see [23, Corollary 6.6] for an improvement of [20, Theorem 12]).

The equivalence in (3.5) also follows from (3.3) and the fact that V N(G) has a unique invariant mean

precisely when G is discrete (cf. [42, Corollary 4.11]). Theorem 3.2 together with Remark 3.3 shows that

(3.5) holds if G satisfies one of the above conditions (a), (b), and (c). It would be interesting to know

whether we have (3.5) for general locally compact quantum groups.

(ii) We point out that, even for co-commutative compact quantum groups G, it is still open whether

WAP (G) ⊆ LUC(G) holds. If this is true, then there is no infinite group G with the Fourier algebra A(G)

Arens regular; that is known only for amenable groups G (cf. [17, Proposition 3.5] and [38, Proposition

3.3]). As noted in [43, Problem 3] and [46, Remark 7], it is possible that an Olshanskii group would provide

a counterexample to this open question. Therefore, it is very difficult to give an affirmative answer to the

question whether LUC(G) = WAP (G) is equivalent to G being compact for a general locally compact

quantum group G (see the problem raised by Runde in [56, Remark 4.5]).
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Note that the adjoint of the inclusion map L1(G) −→ M(G) is the surjective and normal ∗-homomorphism

C0(G)∗∗ −→ L∞(G), x 7−→ x|L1(G), which extends the inclusion C0(G) ⊆ L∞(G). Clearly, the kernel of

this ∗-homomorphism is the w∗-closed ideal L1(G)⊥ in C0(G)∗∗. Then there exists a central projection p

in C0(G)∗∗ such that L1(G)⊥ = (1− p)C0(G)∗∗, and thus we have

(3.6) C0(G)∗∗ = pC0(G)∗∗ ⊕∞ L1(G)⊥ ∼= L∞(G)⊕∞ L1(G)⊥ via x⊕ y 7−→ x|L1(G) ⊕ y.

Let κ : L∞(G) −→ C0(G)∗∗ be the injective and normal ∗-homomorphism induced from (3.6). Recall that

C0(G) ⊆ M(C0(G)) ⊆ L∞(G) and M(C0(G)) ∼= ˜M(C0(G)) ⊆ C0(G)∗∗.

However, as shown below, we do not have κ(M(C0(G))) = ˜M(C0(G)) in general. On the other hand,

comparing κ : L∞(G) −→ C0(G)∗∗ with the map τ = π∗|LUC(G) : LUC(G) −→ C0(G)∗∗ as given in

Section 2, we see that κ is always w∗-w∗ continuous and τ is always an M(G)-bimodule map (cf. Corollary

2.5). It turns out that κ is an M(G)-bimodule map if and only if τ is relatively w∗-w∗ continuous.

Proposition 3.6. For any locally compact quantum group G, the following statements are equivalent:

(i) L1(G) = M(G);

(ii) κ(C0(G)) = C̃0(G) (respectively, κ(M(C0(G))) = ˜M(C0(G)));

(iii) κ|LUC(G) = τ (respectively, κ(1L∞(G)) = 1C0(G)∗∗);

(iv) κ : L∞(G) −→ C0(G)∗∗ is an M(G)-bimodule (respectively, L1(G)-bimodule) map;

(v) τ : LUC(G) −→ M(G)∗ is σ(LUC(G), L1(G))-w∗ continuous.

Proof. Note that κ(1L∞(G)) = p, and τ : LUC(G) −→ M(G)∗ is the inclusion map LUC(G) −→ L∞(G)

when L1(G) = M(G) canonically. Thus we have (iii) =⇒ (i) =⇒ each of (ii) - (v).

[(ii) =⇒ (i)] and [(v) =⇒ (i)]. This follows from the Hahn-Banach theorem and the facts that C̃0(G)

is w∗-dense in C0(G)∗∗ and pC0(G)∗∗ is w∗-closed in C0(G)∗∗.

(iv) =⇒ (i). Suppose that κ : L∞(G) −→ C0(G)∗∗ is an L1(G)-bimodule map. Since (L1(G)⊥)?L1(G) =

{0}, by (3.6), we have

C0(G)∗∗ ? L1(G) = (pC0(G)∗∗) ? L1(G) = κ(L∞(G)) ? L1(G) = κ(L∞(G) ? L1(G)) ⊆ pC0(G)∗∗.

Note that 1C0(G)∗∗ ∈ C0(G)∗∗ ? L1(G). Therefore, 1C0(G)∗∗ = p and hence L1(G)⊥ = {0}; that is,

L1(G) = M(G). ¤

It is known from [55, Theorem 4.4] that G is discrete if and only if ˜M(C0(G)) = C0(G)∗∗. We shall see

from the following theorem that G is discrete if and only if [M(C0(G)) = L∞(G) and L1(G) = M(G)].

For co-amenable quantum groups G, unlike the situation in Theorem 3.1(v) and (vi), the inclusions in

Theorem 3.1(vii) and (viii) usually cannot be replaced by the equalities. In fact, we show below that the

reversion of the inclusion in Theorem 3.1(viii) characterizes discreteness (the “reversion” of compactness).

This is also the case with Theorem 3.1(vii) if G satisfies the following condition. We say that

(3.7) G satisfies Condition (∗) if [L1(G) ? L1(G) = L1(G) =⇒ G is co-amenable].

Note that L1(G) ? L1(G) = L1(G) if G is co-amenable. It is known from [44, Proposition 2] that every

co-commutative locally compact quantum group satisfies Condition (∗).

Theorem 3.7. Let G be a locally compact quantum group. Consider the following statements:

(i) G is discrete;
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(ii) L1(G) = M(G), and LUC(G) = L∞(G) (respectively, M(C0(G)) = L∞(G));

(iii) π∗|LUC(G) : LUC(G) −→ M(G)∗ is surjective;

(iv) RM(L1(G)) ⊆ L1(G) ? LUC(G)∗;

(v) Zt(LUC(G)∗) ⊆ L1(G) ? LUC(G)∗;

(vi) M(G) ⊆ L1(G) ? LUC(G)∗;

(vii) L1(G) = M(G).

Then (i) ⇐⇒ (ii) ⇐⇒ (iii) ⇐⇒ (iv) =⇒ (v) =⇒ (vi) =⇒ (vii), (i) - (vi) are equivalent if G satisfies

Condition (∗), and (i) - (vii) are equivalent if G is co-amenable.

Furthermore, if G is co-amenable with L1(G) of type (M) (e.g., L1(G) is separable), then (i) - (vii) are

all equivalent to

(viii) LUC(G) = L∞(G).

Proof. It is obvious that (i) =⇒ each of (ii) - (v), and (v) =⇒ (vi). We have (ii) ⇐⇒ (i) by Proposition

3.6 and [55, Theorem 4.4], and (vi) =⇒ (vii) holds due to Proposition 2.1.

(iii) =⇒ (i). Suppose that π∗(LUC(G)) = M(G)∗. By Proposition 2.1(ii), we have ˜M(C0(G)) =

C0(G)∗∗. Therefore, G is discrete (cf. [55, Theorem 4.4]).

(iv) =⇒ (i). Suppose that RM(L1(G)) ⊆ L1(G)?LUC(G)∗. Let id ∈ RM(L1(G)) be the identity map

on L1(G). Then there exist f ∈ L1(G) and n ∈ LUC(G)∗ such that id∗ = (f ?n)L. By the decomposition

LUC(G)∗ = M(G)⊕C0(G)⊥ in Proposition 2.1, we have n = µ + p for some µ ∈ M(G) and p ∈ C0(G)⊥.

Let f0 = f ? µ and m = f ? p. Then f0 ∈ L1(G), m ∈ C0(G)⊥, and id∗ = (f0 + m)L = (f0)L + mL. For

x ∈ C0(G) and g, h ∈ L1(G), we have 〈mL(h ? x), g〉 = 〈m, h ? x ? g〉 = 0, and hence

〈x, g ? h〉 = 〈h ? x, g〉 = 〈id∗(h ? x), g〉 = 〈(f0)L(h ? x), g〉+ 〈mL(h ? x), g〉 = 〈f0 ? h ? x, g〉 = 〈x, g ? f0 ? h〉.
Thus g ? h = g ? f0 ? h for all g, h ∈ L1(G). Therefore, f0 is an identity of L1(G) since L1(G) is faithful.

It follows that L1(G) is unital, and hence G is discrete.

The second and third assertions hold since G is co-amenable if and only if M(G) is unital (cf. [3,

Theorem 3.1]), and the final assertion follows from [26, Theorem 22]. ¤

Remark 3.8. (a) It is known from [4, Theorem 3.6] that if a locally compact group G contains an almost

connected open normal subgroup, then G is compact whenever A(G) = Bλ(G). It is open whether this

is true for all groups G. Therefore, it is unknown whether (i) and (vii) are equivalent for general co-

commutative quantum groups. Also, it is not clear for us whether (i) ⇐⇒ (vii) for all non co-amenable

compact quantum groups G, though this holds if in addition G is co-commutative (cf. [4, Lemma 3.5]).

(b) Obviously, we have G is discrete =⇒ [LUC(G) = L∞(G)] =⇒ [M(C0(G)) = L∞(G)]. The reverse

implications hold if G is commutative or co-commutative (cf. [21, Theorem 3]). As seen in Theorem 3.7,

we have “[LUC(G) = L∞(G)] =⇒ G is discrete” if L1(G) is of type (M).

On the other hand, there exists a non-discrete quantum group G such that L1(G) ∼= M(G) as Banach

spaces and M(C0(G)) ∼= L∞(G) as C∗-algebras. In fact, Baaj and Skandalis showed that there exists

a quantum group G such that C0(G) ∼= K(H) ⊆ B(H) ∼= L∞(G) (as C∗-algebras) for some Hilbert

space H of infinite dimension (cf. [2, Section 8]). It is clear that this quantum group G is non-discrete

(nor compact). Then the ∗-homomorphic embedding C0(G) −→ L∞(G) obtained from the above ∗-
isomorphisms is not the canonical inclusion C0(G) ⊆ L∞(G). Therefore, both induced identifications

L1(G) ∼= M(G) and M(C0(G)) ∼= L∞(G) are not the canonical equalities. The reader is referred to [30]

for conditions which are equivalent to C0(G) ⊆ K(L2(G)).
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For convenience, a locally compact quantum group G is said to be finite if L∞(G) is finite dimensional.

It is clear that

(3.8) G is finite ⇐⇒ G is compact and discrete.

In fact, if G is compact and discrete, then L∞(G) must be a finite direct sum of full matrix algebras.

The result below is immediate by Theorem 3.1, Theorem 3.7, and (3.8), which shows that compactness,

discreteness, and finiteness of G can be characterized simultaneously by comparing RM(L1(G)) with the

module product L1(G) ?LUC(G)∗. It is interesting to compare this result with those characterizations of

Q-SAI and co-amenability given in terms of RM(L1(G)) and Zt(LUC(G)∗) (cf. (2.15) and (2.16)). Note

that Zt(LUC(G)∗) and L1(G) ? LUC(G)∗ are not related in general (cf. Theorems 3.2 and 3.7).

Proposition 3.9. Let G be a locally compact quantum group. Then the following assertions hold.

(i) G is compact ⇐⇒ L1(G) ? LUC(G)∗ ⊆ RM(L1(G)).

(ii) G is discrete ⇐⇒ L1(G) ? LUC(G)∗ ⊇ RM(L1(G)).

(iii) G is finite ⇐⇒ L1(G) ? LUC(G)∗ = RM(L1(G)).

Furthermore, the algebra RM(L1(G)) in (i) - (iii) can be replaced by M(G) if G satisfies Condition (∗).

It is known that a group algebra L1(G) is Arens regular if and only if G is finite (cf. [65]). As mentioned

in Remark 3.5(ii), the above L1(G) can be replaced by A(G) if G is amenable. These two results can be

seen dual of each other, noticing that L∞(G) is always co-amenable, and V N(G) is co-amenable precisely

when G is amenable. Also, for a general locally compact group G, Arens regularity of A(G) implies

discreteness of G (cf. [17, Theorem 3.2]). We have the following quantum group version of these results.

Theorem 3.10. Let G be a locally compact quantum group such that L1(G) is Arens regular. Then

(i) G is discrete if G is co-amenable;

(ii) G is compact if one of the conditions (a), (b), and (c) in Theorem 3.2 and Remark 3.3 is satisfied.

Therefore, G is finite if G is co-amenable satisfying one of the above (a), (b), and (c).

Proof. (i) If G is co-amenable, then L1(G) is unital by [60, Theorem 3.3], and hence G is discrete.

(ii) Since L1(G) is Arens regular, we have Zt(L1(G)∗∗, ¤) = L1(G)∗∗. Then the assertion holds by

Theorem 3.2 and Remark 3.3.

The final assertion follows from (i), (ii), and (3.8). ¤

Let LM(L1(G)) be the left multiplier algebra of L1(G). Then LM(L1(G)) −→ B(L∞(G)), µ 7−→ µ∗

is an injective anti-algebra homomorphism. In the theorem below, RM(L1(G)) and LM(L1(G)) are

identified with their canonical images in B(L∞(G)) and the commutants are taken in B(L∞(G)). This

result in particular improves and extends [18, Theorem 5.1], which says that BL1(G)(L∞(G))c = M(G)

(or equivalently, L1(G)cc = M(G)) holds in B(L∞(G)) for every locally compact group G, noticing that

L1(G) is always SAI and of type (M) (cf. [41] and [27]).

Theorem 3.11. Let G be a locally compact quantum group. Then we have

(I) L1(G)c = M(G)c = RM(L1(G))c under L1(G) ⊆ M(G) ↪→ RM(L1(G));

(II) L1(G)c = M(G)c = LM(L1(G))c under L1(G) ⊆ M(G) ↪→ LM(L1(G));

(III) LM(L1(G))c = RM(L1(G)) ⇐⇒ G is compact ⇐⇒ RM(L1(G))c = LM(L1(G)).

Furthermore, the following statements are equivalent if L1(G) is of type (M):
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(i) BL1(G)∗∗(L∞(G)) = Bσ
L1(G)(L∞(G));

(ii) L1(G) is SAI;

(iii) M(G)cc = M(G) via M(G) ∼= RM(L1(G)) or M(G) ∼= LM(L1(G)).

Proof. (I) Clearly, we have RM(L1(G))c ⊆ M(G)c ⊆ L1(G)c. Conversely, let T ∈ L1(G)c. Then T (f?x) =

f ? T (x) (f ∈ L1(G), x ∈ L∞(G)). For all f , g ∈ L1(G), µ ∈ RM(L1(G)), and x ∈ L∞(G), since

g ? µ∗(x) = µ(g) ? x, we have

〈T (µ∗(x)), f ? g〉 = 〈T (g ? µ∗(x)), f〉 = 〈T (µ(g) ? x), f〉 = 〈Tx, f ? µ(g)〉 = 〈µ∗(Tx), f ? g〉.

Thus T ◦µ∗ = µ∗◦T for all µ ∈ RM(L1(G)), since 〈L1(G)?L1(G)〉 = L1(G). Therefore, T ∈ RM(L1(G))c.

(II) This follows by a similar argument as given above.

(III) It is easy to see that L1(G)c = BL1(G)(L∞(G)) under L1(G) ↪→ LM(L1(G)). The equivalences

then follow from (I), (II), and Theorem 3.1 and its left-sided version.

Suppose now that L1(G) is of type (M). Since G is co-amenable, it is seen from Section 2 that

Bσ
L1(G)(L∞(G)) = {mL : m ∈ L1(G)∗∗ and L1(G) ? m ⊆ L1(G)}

and

BL1(G)∗∗(L∞(G)) = {mL : m ∈ L1(G)∗∗ and L1(G) ? m ⊆ Zt(L1(G)∗∗,♦)}.
Recall from [27, Theorem 32(ii)] that L1(G) is SAI if and only if L1(G) ? Zt(L1(G)∗∗,♦) ⊆ L1(G).

Therefore, we obtain (i) ⇐⇒ (ii). On the other hand, under L1(G) ⊆ M(G) ∼= RM(L1(G)), we have

Bσ
L1(G)(L∞(G)) = M(G), L1(G)c = {mR : m ∈ L1(G)∗∗}, and BL1(G)∗∗(L∞(G)) = {mR : m ∈ L1(G)∗∗}c.

The corresponding equalities hold for L1(G) ⊆ M(G) ∼= LM(L1(G)). It follows from (I) and (II) that we

have (i) ⇐⇒ (iii). ¤

In the immediate corollary below, (ii) is the quantum group version of [42, Theorem 6.5(i)] on V N(G).

Corollary 3.12. Let G be a locally compact quantum group. Then we have

(i) if L1(G) is separable, then M(G)cc = M(G) ⇐⇒ [G is co-amenable and L1(G) is SAI ];

(ii) if G is compact with L1(G) of type (M), then L1(G) is SAI.

Let G be a locally compact group. Then BL1(G)(L∞(G)) = LUC(G)∗,

Bσ
L1(G)(L∞(G)) = BL1(G)∗∗(L∞(G)) = Bl

L1(G)(L∞(G)) ∼= Zt(LUC(G)∗) = M(G),

and L1(G) is SAI (cf. [40, 41]). In particular, Theorem 3.2 strengthens [36, Theorem 2] on G = L∞(G).

The situation for A(G) is very different. Firstly, the topological centres of A(G)∗∗ (with either Arens

product) and UCB(Ĝ)∗ are just their algebraic centres, since A(G) is commutative. Secondly, on the

one hand, A(G) is SAI for many amenable groups G (cf. [16, 24, 25, 42, 43]). On the other hand, as

shown by Losert [46, 47], both A(F2) and A(SU(3)) are non SAI, though A(F2) is Q-SAI (cf. Corollary

3.4) and SU(3) is compact. Finally, we have UCB(Ĝ)∗ ⊆ BA(G)(V N(G)), Bλ(G) ⊆ Bσ
A(G)(V N(G)), and

Z(UCB(Ĝ)∗) ⊆ BA(G)∗∗(V N(G)) = Bl
A(G)(V N(G)), and any (and hence all) of these three equalities

holds precisely when G is amenable. In this case, (iv) ⇐⇒ (ix) in Theorem 3.1, (ii) ⇐⇒ (v) in Theorem

3.2, and the equivalence in (2.17) are indeed non-trivial.

We close this section with some applications to A(G). Obviously, we always have

[Z(A(G)∗∗)¤A(G)∗∗ ⊆ A(G)] =⇒ [Z(A(G)∗∗)¤A(G)∗∗ ⊆ Z(A(G)∗∗)] =⇒ [A(G) ·A(G)∗∗ ⊆ Z(A(G)∗∗)].
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By Theorem 3.1 and [61, Theorem 2.2], we have Z(A(G)∗∗)¤A(G)∗∗ ⊆ A(G) ⇐⇒ A(G) ·A(G)∗∗ ⊆ A(G).

Combining the above with Theorem 3.2 and Remark 3.3, we obtain the following result on Fourier algebras.

Corollary 3.13. Let G be a locally compact group and G = V N(G). Then (i) - (ix) in Theorem 3.1 and

(i) - (vi) in Theorem 3.2 are all equivalent, which are also equivalent to each of the following statements:

(i) G is discrete;

(ii) Z(A(G)∗∗)¤A(G)∗∗ ⊆ A(G);

(iii) Z(A(G)∗∗)¤A(G)∗∗ ⊆ Z(A(G)∗∗).

Let B(G) be the Fourier-Stieltjes algebra of G, let MA(G) be the multiplier algebra of A(G), and let

McbA(G) be the completely bounded multiplier algebra of A(G). Then we have

A(G) ⊆ Bλ(G) ⊆ B(G) ⊆ McbA(G) ⊆ MA(G) ⊆ B(V N(G)).

As pointed out earlier, the quantum group G = V N(G) satisfies Condition (∗) defined in (3.7). It

is known from [45, Theorem 1] that G is amenable if and only if B(G) = MA(G). Also, we have

MA(G) ⊆ MA(G)c ∩MA(G)cc. Therefore, we obtain the corollary below from Theorems 3.7 and 3.11,

and Proposition 3.9 and Corollary 3.13.

Corollary 3.14. Let G be a locally compact group. Then Proposition 3.9 holds for G = V N(G) with

RM(L1(G)) replaced by any of Bλ(G), B(G), McbA(G), MA(G), and Z(UCB(Ĝ)∗).

Furthermore, we have

(i) A(G)c = A(G) ⇐⇒ G is finite;

(ii) A(G)cc = A(G) ⇐⇒ G is compact and A(G) is SAI;

(iii) B(G)c = B(G) (respectively, Bλ(G)c = Bλ(G)) ⇐⇒ G is amenable and discrete;

(iv) B(G)cc = B(G) (respectively, Bλ(G)cc = Bλ(G)) ⇐⇒ G is amenable and A(G) is SAI.

Example 3.15. Let G = SU(3). Since A(G) is non SAI as mentioned above, by Theorem 3.11 and

Corollary 3.13, we obtain

Bσ
A(G)(V N(G)) $ BA(G)∗∗(V N(G)) $ BA(G)(V N(G)).

On the other hand, we can see from Theorem 3.11 and its proof that

Bσ
A(G)(V N(G))cc = BA(G)∗∗(V N(G)) = BA(G)(V N(G))c = A(G)cc.

Note that BA(G)∗∗(V N(G)) is also a commutative Banach algebra, since BA(G)∗∗(V N(G)) ∼= Z(A(G)∗∗).

Remark 3.16. The canonical representation LUC(G)∗ −→ BL1(G)(L∞(G)) in fact induces an injective

and completely contractive algebra homomorphism ΦL : LUC(G)∗ −→ CBL1(G)(L∞(G)), m 7−→ mL,

which is just the adjoint map of the completely contractive module product L∞(G)⊗̂L1(G) −→ LUC(G),

x ⊗ f 7−→ x ? f (cf. [29, Section 6]). It is easy to see that the algebras B(L∞(G)), RM(L1(G)), and

LM(L1(G)) can be replaced by CB(L∞(G)), RMcb(L1(G)), and LMcb(L1(G)), respectively, in the results

presented in this section, and each of these results (as well as those in Section 4) has its left-sided and

right-sided versions.
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4. Weakly compact module maps over quantum groups

As mentioned in Section 3, for a general non-commutative and non-amenable locally compact quantum

group G, it is not clear whether WAP (G) has a left invariant mean, whose existence is thus assumed in

the proposition below. This proposition generalizes [36, Theorem 4] on L∞(G) with X = LUC(G) or

L∞(G), noticing that the map T there satisfies T (1) = 1. The proof of [36, Theorem 4] is modified for

the present quantum group setting.

Proposition 4.1. Let G be a locally compact quantum group such that WAP (G) has a left invariant

mean. Then the following statements are equivalent:

(i) G is amenable;

(ii) there exists a unital, completely positive, and weakly compact map S ∈ BL1(G)(L∞(G));

(iii) there exists a weakly compact map S ∈ BL1(G)(L∞(G)) such that 1 ∈ S(L∞(G)).

Furthermore, if G is co-amenable, then (i) - (iii) are equivalent to

(iv) there exists a weakly compact map S ∈ BL1(G)(LUC(G)) such that 1 ∈ S(LUC(G)),

where BL1(G)(LUC(G)) is the space of bounded right L1(G)-module maps on LUC(G).

Proof. (i) =⇒ (ii). Suppose that m ∈ L∞(G)∗ is a left invariant mean. We define S : L∞(G) −→ L∞(G)

by S(x) = 〈m,x〉1. Then S ∈ BL1(G)(L∞(G)) is unital, completely positive, and weakly compact.

(ii) =⇒ (iii). This is trivial.

(iii) =⇒ (i). Suppose that S is a weakly compact operator in BL1(G)(L∞(G)) such that 1 ∈ S(L∞(G)).

For x ∈ L∞(G), since the set {S(x) ? f : f ∈ L1(G) and ‖f‖ ≤ 1} = {S(x ? f) : f ∈ L1(G) and ‖f‖ ≤ 1}
is relatively weakly compact in L∞(G), we have S(x) ∈ WAP (G). Let β be a left invariant mean on

WAP (G) and let p(x) = 〈β, S(x)〉 (x ∈ L∞(G)). Then p is a left invariant bounded linear functional on

L∞(G), and p 6= 0 since 1 ∈ S(L∞(G)). Thus L∞(G)∗ has a non-zero left invariant element. Therefore,

L∞(G) has a left invariant mean (cf. [53]); that is, the quantum group G is amenable.

The final assertion holds, since BL1(G)(L∞(G)) ∼= LUC(G)∗ ∼= BL1(G)(LUC(G)) canonically when G
is co-amenable (cf. [29, Proposition 6.5 and Remark 6.7]). ¤

Let RMwc(L1(G)) be the Banach algebra of weakly compact right multipliers of L1(G) and let Bwc(L∞(G))

be the Banach algebra of weakly compact maps in B(L∞(G)). Then

(4.1) RMwc(L1(G)) ∼= Bσ
L1(G)(L∞(G)) ∩Bwc(L∞(G)) via RM(L1(G)) ↪→ B(L∞(G)).

The theorem below generalizes and unifies [1, Theorem 4] on L1(G) and [37, Proposition 6.11] on A(G).

Theorem 4.2. Let G be a locally compact quantum group. Then

G is compact ⇐⇒ L1(G) ⊆ RMwc(L1(G)) canonically.

Furthermore, we have L1(G) ∼= RMwc(L1(G)) canonically if G is compact and co-amenable.

Proof. Let f 7−→ rf be the canonical embedding L1(G) −→ RM(L1(G)) given by rf (g) = g?f . According

to Theorem 3.1, G is compact if and only if L1(G) ? L1(G)∗∗ ⊆ L1(G), which is true if and only if the

map rf : L1(G) −→ L1(G) is weakly compact for all f ∈ L1(G) (cf. [50, Proposition 1.4.13]). Therefore,

the equivalence holds.
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Suppose now that G is compact and co-amenable. Let µ ∈ RMwc(L1(G)) and let (eα) be a bounded

approximate identity of L1(G) such that µ(eα) −→ f0 ∈ L1(G) weakly. Then µ(f) = limα µ(f ? eα) =

limα f ? µ(eα) = f ? f0 = rf0(f) for all f ∈ L1(G); that is, µ = rf0 ∈ L1(G). ¤

The converse of the second assertion in Theorem 4.2 holds in the two classical cases.

Corollary 4.3. Let G be a commutative or co-commutative locally compact quantum group. Then

G is compact and co-amenable ⇐⇒ L1(G) ∼= RMwc(L1(G)) canonically.

Proof. By Theorem 4.2, we need only show “⇐=”, which is obvious if G is commutative. Suppose that G
is co-commutative and L1(G) ∼= RMwc(L1(G)) canonically. Then the embedding L1(G) −→ RM(L1(G)),

f 7−→ rf is bounded from below. It follows from [45, Theorem 1] that G is co-amenable. ¤

Remark 4.4. It is interesting to know whether we have RMwc(L1(G)) 6= {0} ⇐⇒ G is compact. This is

true for L1(G) and A(G) (cf. [57, Theorem 1] and [37, Proposition 6.9]).

For x ∈ L∞(G), let x`(f) = x?f (f ∈ L1(G)). Then x` ∈ BL1(G)(L1(G), L∞(G)), the space of bounded

right L1(G)-module maps from L1(G) to L∞(G). In fact, we have x` = Γ(x) under the identification

CB(L1(G), L∞(G)) ∼= L∞(G)⊗̄L∞(G). Therefore, the map

(4.2) L∞(G) −→ CBL1(G)(L1(G), L∞(G)), x 7−→ x`

is completely isometric, and we obtain

(4.3) WAP (G) = {x ∈ L∞(G) : x` ∈ CBwc
L1(G)(L1(G), L∞(G))},

where CBwc
L1(G)(L1(G), L∞(G)) is the space of weakly compact maps in CBL1(G)(L1(G), L∞(G)). We

show in Section 5 that the space WAP (G) always contains a canonical copy of Cu(Ĝ)∗ (cf. Proposition

2.3 and the paragraph before it).

Remark 4.5. It is also interesting to compare Corollary 4.3 with the following characterization of Arens

regularity (cf. (4.4)). Suppose that G is co-amenable. Then L∞(G) ∼= CBL1(G)(L1(G), L∞(G)) =

BL1(G)(L1(G), L∞(G)) and WAP (G) ∼= CBwc
L1(G)(L1(G), L∞(G)) = Bwc

L1(G)(L1(G), L∞(G)), since we have

T = T ∗(E)L for all T ∈ BL1(G)(L1(G), L∞(G)), where E is a right identity of (L1(G)∗∗, ¤). Therefore,

we have

(4.4) L1(G) is Arens regular ⇐⇒ BL1(G)(L1(G), L∞(G)) = Bwc
L1(G)(L1(G), L∞(G)).

Note that when G is co-amenable, the space Bwc
L1(G)(L1(G), L∞(G)) consists precisely of all maps in

BL1(G)(L1(G), L∞(G)) factoring through reflexive Banach spaces, which is also equal to the space of all

maps in CBL1(G)(L1(G), L∞(G)) factoring through reflexive operator spaces. This fact can be derived by

combining [8, Proposition 3.13] with [9, Corollary 1] and its cb-version [51, Theorem 2.1]. It is also seen

from [10, Theorem 4.4] that these weakly compact right L1(G)-module maps from L1(G) to L∞(G) can

factor through reflexive completely contractive L1(G)-bimodules.
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5. An Eberlein theorem over quantum groups

A theorem by Eberlein (cf. [13, Theorem 11.2] and [5, Corollary 3.3]) shows that if G is a locally

compact group, then every positive definite function on G is weakly almost periodic. Therefore, we have

B(G) ⊆ WAP (G).

As shown by Dunkl and Ramirez [12, Theorem 2.8 and Chapter 8], the dual version of this classical

Eberlein theorem holds; that is, the left regular representation of G defines a homomorphic embedding

M(G) −→ V N(G) with range contained in WAP (Ĝ).

In the setting of locally compact quantum groups, these two results can be unified and stated as follows:

If G is a commutative or co-commutative locally compact quantum group, then the left regular

representation λ̂ : M(Ĝ) −→ L∞(G) of Ĝ extends to an injective homomorphism

λ̂u : Mu(Ĝ) −→ L∞(G)

with λ̂u(Mu(Ĝ)) ⊆ WAP (G) (see below for the definition of the algebra Mu(Ĝ)).

We show in this section that the above assertion in fact holds for all locally compact quantum groups. In

this way, by (4.2) and (4.3), we obtain canonically a completely isometric embedding

(5.1) Mu(Ĝ) ⊆ CBwc
L1(G)(L1(G), L∞(G)).

To be consistent with the notation used in [33], the C∗-algebra C0(G) will be denoted by A. Let

Au = Cu(G)

be the universal quantum group C∗-algebra of G, and let π : Au −→ A be the canonical surjective ∗-
homomorphism, whose unique ∗-homomorphic extension M(Au) −→ M(A) is also denoted by π. For

the dual quantum group Ĝ of G, they are denoted by Â, Âu, and π̂, respectively. It is known from

[33] that there exist unitaries U ∈ M(Au ⊗ Âu) and V ∈ M(Au ⊗ Â), and co-associative non-degenerate

∗-homomorphisms ∆u : Au −→ M(Au ⊗Au) and ∆̂u : Âu −→ M(Âu ⊗ Âu) such that

(5.2) (ι⊗ π̂)(U) = V, (∆u ⊗ ι)(U) = U13U23 , and (ι⊗ ∆̂u)(U) = U13U12 .

Then (Au)∗ is a Banach algebra with the multiplication ?u induced by ∆u, and π∗ : A∗ −→ (Au)∗ is an

isometric algebra homomorphism. See [33] for more information on (Au,∆u).

Using the unitary U , we define the maps

(5.3) Φu : (Au)∗ −→ M(Âu), µ 7−→ (µ⊗ ι)(U) and Ψu : (Âu)∗ −→ M(Au), µ̂ 7−→ (ι⊗ µ̂)(U).

Let

λu = π̂ ◦ Φu : (Au)∗ −→ M(A).

Due to the first equality in (5.2), we see that the map λu is given by the formula

(5.4) λu : (Au)∗ −→ M(Â), µ 7−→ (µ⊗ ι)(V).

Proposition 5.1. The following statements hold.

(i) Φu : (Au)∗ −→ M(Âu) and Ψu : (Âu)∗ −→ M(Au) are homomorphisms satisfying

〈Φu(µ), µ̂〉 = 〈µ,Ψu(µ̂)〉 (µ ∈ (Au)∗, µ̂ ∈ (Âu)∗).
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(ii) λu : (Au)∗ −→ M(Â) is an injective homomorphism, and λu extends the left regular representation

λ : A∗ −→ M(Â) of G in the sense that λu ◦ π∗ = λ.

(iii) (Ψu ◦ (π̂)∗)(L1(Ĝ)) ⊆ Au.

Proof. (i) The maps Φu and Ψu are homomorphisms due to (5.2), and the equality 〈Φu(µ), µ̂〉 = 〈µ, Ψu(µ̂)〉
follows from the definition of Φu and Ψu.

(ii) Clearly, λu = π̂ ◦ Φu : (Au)∗ −→ M(Â) is a homomorphism. Also, the map λu is injective by (5.4)

and [33, (5.2)], which asserts that

(5.5) Au = span‖·‖{(ι⊗ f̂)(V) : f̂ ∈ L1(Ĝ)}.
Finally, we have λu ◦ π∗ = λ, since (π ⊗ ι)(V) = W (cf. [33, Proposition 5.1]).

(iii) Let f̂ ∈ L1(Ĝ). Then, by (5.5) and the first equality in (5.2), we have

Ψu((π̂)∗(f̂)) = (ι⊗ (π̂)∗(f̂))(U) = (ι⊗ f̂)((ι⊗ π̂)(U)) = (ι⊗ f̂)(V) ∈ Au.

Therefore, the inclusion (Ψu ◦ (π̂)∗)(L1(Ĝ)) ⊆ Au holds. ¤

Note that L1(G) is an ideal in A∗, and π∗(A∗) is an ideal in (Au)∗ (cf. [33, Proposition 8.3]). Since

L1(G) = 〈L1(G) ? L1(G)〉, it follows immediately that

(5.6) π∗(L1(G)) is a two-sided ideal in (Au)∗.

Note that λ(L1(G)) is norm dense in Â. Together with (5.4) - (5.6), we can obtain some further properties

of the map λu as given in the proposition below.

Proposition 5.2. The following statements hold.

(i) λu : (Au)∗ −→ M(Â) is the unique homomorphic extension of λ : A∗ −→ M(Â).

(ii) λu : (Au)∗ −→ L∞(Ĝ) is w∗-w∗ continuous.

(iii) λu : (Au)∗ −→ M(Â) is strictly continuous on bounded subsets of (Au)∗. That is, if ω ∈ (Au)∗ and

(ωi) is a bounded net in (Au)∗ such that ωi ?u π∗(f) −→ ω ?u π∗(f) and π∗(f)?u ωi −→ π∗(f)?u ω

for all f ∈ L1(G), then λu(ωi) −→ λu(ω) strictly in M(Â).

Remark 5.3. It follows from (5.6) that there exists a canonical algebra homomorphism

(5.7) (Au)∗ −→ Mcb(L1(G)).

On the other hand, as observed in [29, Section 3], using the representation theorem established in [32]

and the relation between λ and ρ, we can obtain an algebra embedding

(5.8) Mcb(L1(G)) −→ M(Â).

In fact, the M `
cb-version of [32, Corollary 4.4] shows that each µ ∈ LMcb(L1(G)) is determined uniquely

by an element b̂ of L∞(Ĝ) satisfying λ(µ(f)) = b̂λ(f) (f ∈ L1(G)), and hence we have

b̂ C0(Ĝ) ⊆ C0(Ĝ).

Through a Hilbert C∗-module approach, Daws proved recently in [11, Theorem 4.2] that b̂ ∈ M(C0(Ĝ)).

It is seen from Propositions 5.1(ii) and 5.2(i) that λu : (Au)∗ −→ M(Â) is exactly the composition of the

two maps in (5.7) and (5.8), and thus the homomorphism in (5.7) is also injective.

Remark 5.4. Note that L1(Ĝ) = C0(Ĝ) · L1(Ĝ), where · denotes the canonical C0(Ĝ)-bimodule action

on L1(Ĝ) (cf. [29, Proposition 2.1]). By (5.5) and Proposition 5.2(iii), we obtain that
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if ωi −→ ω strictly on a bounded subset of (Au)∗, then ωi −→ ω in the w∗-topology on (Au)∗.

It is interesting to know whether the converse holds on the unit sphere of (Au)∗, which is the case when

G is commutative or co-commutative (cf. [49] and [22]).

Due to Proposition 5.1(iii), we can define the contraction

(5.9) γu : L1(Ĝ) −→ Au , f̂ 7−→ Ψu((π̂)∗(f̂)) = (ι⊗ f̂)(V).

Then the lemma below holds by Proposition 5.1(i) and the definition of the maps λu and γu.

Lemma 5.5. For all µ ∈ (Au)∗ and f̂ ∈ L1(Ĝ), we have

(5.10) λu(µ)?̂f̂ = λu(µ · γu(f̂)) and f̂ ?̂λu(µ) = λu(γu(f̂) · µ),

where ?̂ and · denote the canonical module actions of L1(Ĝ) on L∞(Ĝ) and Au on (Au)∗, respectively.

Let

(5.11) Mu(G) = ((Au)∗, ?u)

be the universal quantum measure algebra of G. Following a similar argument as used in the proof of

Proposition 2.3 (comparing (5.10) with (2.12)), we show below that λu maps Mu(G) into WAP (Ĝ). The

following theorem unifies the corresponding results in [13, 12] for L∞(G) and V N(G), and our approach

is new even for these two classical cases.

Theorem 5.6. Let G be a locally compact quantum group and let Cu(G) be the universal quantum group

C∗-algebra of G. Then the injective complete contraction

λu : Mu(G) −→ M(C0(Ĝ)) ⊆ L∞(Ĝ), µ 7−→ (µ⊗ ι)(V)

is the unique homomorphic extension of the left regular representation λ : M(G) −→ M(C0(Ĝ)) of G, and

we have

(5.12) λu(Mu(G)) ⊆ WAP (Ĝ).

Proof. We only need to show the inclusion λu(Mu(G)) ⊆ WAP (Ĝ). Let µ ∈ Mu(G). If (f̂i) is a net in

L1(Ĝ) such that γu(f̂i) −→ m ∈ Mu(G)∗ in the w∗-topology of Mu(G)∗, then µ · γu(f̂i) −→ µ ·m weakly

in Mu(G), since Mu(G)∗ is a von Neumann algebra and thus µ ·m ∈ Mu(G)∗∗ is actually in Mu(G). Note

that the map γu is contractive. It follows that the set {µ · γu(f̂) : f̂ ∈ L1(Ĝ) and ‖f̂‖ ≤ 1} is relatively

weakly compact in Mu(G). By Lemma 5.5, we obtain that the set {λu(µ)?̂f̂ : f̂ ∈ L1(Ĝ) and ‖f̂‖ ≤ 1} is

relatively weakly compact in L∞(Ĝ). Therefore, λu(µ) ∈ WAP (Ĝ). ¤

Remark 5.7. Clearly, when G is co-amenable, the embedding Mcb(L1(G)) −→ M(C0(Ĝ)) in (5.8) has a

range in WAP (Ĝ) (cf. Proposition 2.3). This is also the case when G is co-commutative (cf. [64]). It is

interesting to know whether this is true for all locally compact quantum groups G.

Replacing G in Theorem 5.6 by Ĝ, we can define the quantum Eberlein algebra of G by

(5.13) E(G) = λ̂u(Mu(Ĝ))
‖·‖

⊆ WAP (G).

See, for example, [6, 7, 48] for information on the classical Eberlein algebra E(G) of a locally compact

group G. The proposition below is clear by Theorem 5.6 and Proposition 2.1, noticing that it is still open

whether the inclusion WAP (G) ⊆ M(C0(G)) always holds (cf. Remark 3.5(ii)).
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Proposition 5.8. Let G be a locally compact quantum group. Then the quantum Eberlein algebra E(G)

of G is an M(G)-submodule of L∞(G) and is two-sided introverted in L∞(G) satisfying

C0(G) ⊆ E(G) ⊆ WAP (G) ∩M(C0(G)).

Therefore, the space E(G)∗ is a dual Banach algebra (with the identical Arens products), and each of

Proposition 2.1, Corollary 2.5, and the statement in (2.13) holds for X = E(G).
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