MODULE MAPS OVER LOCALLY COMPACT QUANTUM GROUPS
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ABSTRACT. We study locally compact quantum groups G and their module maps through a general
Banach algebra approach. As applications, we obtain various characterizations of compactness and
discreteness, which in particular generalize a result by Lau (1978) and recover another one by Runde
(2008). Properties of module maps on Lo (G) are used to characterize strong Arens irregularity of L1(G)
and are linked to commutation relations over G with several double commutant theorems established.
We prove the quantum group version of the theorems by Young (1973), Lau (1981), and Forrest (1991)
regarding Arens regularity of the group algebra L1(G) and the Fourier algebra A(G). We also extend the
classical Eberlein theorem on the inclusion B(G) C WAP(G) to all locally compact quantum groups.

1. INTRODUCTION

Let G = (Loo(G), T, ¢, %) be a von Neumann algebraic locally compact quantum group and let Lq(G)
be the convolution quantum group algebra of G. If we let Cy(G) be the reduced C*-algebra associated
with G, then its operator dual M (G) is a faithful completely contractive Banach algebra containing L;(G)
as an ideal. It has been shown in the recent work [26, 27, 29] that many important results in abstract
harmonic analysis can be generalized to the locally compact quantum group setting, and thus we can
develop a corresponding theory of quantum harmonic analysis. In this paper, we study L;(G)-module
maps and structures on Lo (G). Through a general Banach algebra approach, we obtain in particular
some interesting characterizations of compactness and discreteness of G.

In Section 2, we recall some definitions for locally compact quantum groups and associated Banach
algebras. We strengthen and extend the completely isometric embedding result M (G) — LUC(G)*
(cf. [29]) to a more general setting, where LUC(G) = (Loo(G) * L1(G)) is the space of left uniformly
continuous functionals on L1(G). More precisely, we show that if X is any left introverted subspace of
Loo(G) with Cy(G) € X C M(Cy(G)), then there exists a completely isometric Co(G)-bimodule and
L1(G)-bimodule algebra homomorphism 7 : M(G) — X* such that X* = m(M(G)) ® Co(G)L. Through
the canonical inclusion X C Cy(G)**, we take a natural approach to constructing such an embedding
with some additional properties obtained (c¢f. Proposition 2.1 and Corollary 2.5). This approach, which is
even new for the co-commutative case as considered in [42], yields more characterizations of compact and
discrete quantum groups and an extension theorem for quantum group measure algebra homomorphisms.

In Section 3, we prove several characterizations of compact quantum groups, which in particular gen-
eralize a result by Lau [36] and recover another one by Runde [55]. We characterize compactness of G in
terms of the space WAP(G) of weakly almost periodic functionals on L;(G) and quotient strong Arens ir-

regularity of L1 (G). This shows that quotient strong Arens irregularity may have to be taken into account
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for answering the open question raised by Runde [56, Remark 4.5]. We also study when L;(G) = M(G)
holds and present characterizations for discreteness of G. We show that compactness, discreteness, and
finiteness of a quantum group G can be characterized simultaneously by comparing the right multiplier
algebra RM (L1(G)) of L1(G) with the module product L, (G) * LUC(G)*. We obtain the quantum group
version of the theorems by Young [65], Lau [38], and Forrest [17] regarding Arens regularity of the group
algebra L;(G) and the Fourier algebra A(G). Properties of module maps on Lo (G) are further used
to characterize strong Arens irregularity of L1(G) and are linked to commutation relations over G. We
establish several double commutant theorems, which in particular improve and extend the commutant
theorem [18, Theorem 5.1] on L (G) by Ghahramani and Lau. Many of the results obtained in this section
are even new for the Fourier algebra A(G).

In Section 4, we prove two more results on properties of module maps over G, which characterize
amenability and compactness of G in terms of weakly compact module maps on L. (G), generalizing and
unifying some results on L;(G) and A(G) by Akemann [1] and Lau [36, 37].

A classical Eberlein theorem says that every positive definite function on a locally compact group G
is weakly almost periodic. In Section 5, we extend this result to all locally compact quantum groups G.
More precisely, we show that every bounded linear functional on the universal quantum group C*-algebra
C.u(G) of G is canonically corresponding to a weakly almost periodic functional on Ly (G). In this way,
each p € Cu(@)* defines a weakly compact L;(G)-module map from L;(G) to Lo (G).

2. DEFINITIONS AND PRELIMINARY RESULTS

Let us start this section by recalling some notation related to locally compact quantum groups. The
reader is referred to Kustermans and Vaes [34, 35], Runde [55, 56], van Daele [63], and [26, 27, 29] for more
information. Let G = (M, T, ¢, %) be a von Neumann algebraic locally compact quantum group. Then the
pre-adjoint of the co-multiplication I' induces on M, an associative completely contractive multiplication
*: M,®M, — M,, where ® is the operator space projective tensor product. In the case where M is
Lo (G) or VN(G) with G a locally compact group, the algebra (M, ,*) is the usual convolution group
algebra L1(G), respectively, the Fourier algebra A(G).

As for locally compact groups, the von Neumann algebra M and the convolution algebra (M,,x) are
denoted by Lo (G) and L;i(G), respectively. Then L;(G) is a faithful completely contractive Banach
algebra satisfying (L1(G) x L1(G)) = L1 (G) (cf. [26, Fact 1] and [27, Proposition 1]). The multiplication

on L;(G) induces canonically a completely contractive L;(G)-bimodule structure on Lo (G) satisfying
(2.1) s f=(f@0TE) and frz=(® () (@€ Lo(G), f € Li(G)).

The quantum group G is said to be co-amenable if L1(G) has a bounded approximate identity.

It is known that there are two Banach algebra multiplications O and { on L;(G)**, each extending
the multiplication * on L1(G). For m, n € Li1(G)*™ and x € L(G), by definition, the left Arens
product mOn € Li(G)** satisfies (mOn,x) = (m,nOx), where nOz = (¢t @ n)T'(z) € Loo(G) is given
by (nOx, f) = (n,xz * f) (f € L1(G)). Similarly, the right Arens product m{dn € Li(G)** satisfies
(x,mOn) = (xdm,n) with zOm = (Mm@ )T'(z) € Loo(G) given by (f,zdm) = (fxx,m) (f € L1(G)). It
can be shown by a matricial argument that both Arens products are completely contractive multiplications
on L1 (G)**. The algebra L;(G) is said to be Arens regular if O and < coincide on L, (G)**.
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Clearly, the map Li(G)** — Li(G)**, n — nOm is w*-w* continuous for each m € L,(G)**. The
left topological centre of Lq(G)** is defined by

3(L1(G)™,0) = {m e L1(G)* : the map n — mOn is w*-w™ continuous on L, (G)**}.
The right topological centre 3(L1(G)**, $) of L1(G)** is defined analogously. Then we have
Li(G) € 3(Li(G)™ D) N3(La(G)™,¢) and  3(L1(G)™, D) U3(L1(G)™,0) € Li(G)™,

and L1 (G) is Arens regular if and only if 3(L,(G)**,0) = L1(G)** = 3(L1(G)**, ). The algebra L,(G)
is said to be strongly Arens irreqular (SAI) if 3(L1(G)**,0) = L1(G) = 3(L1(G)**, ) (cf. [8]).

For an L;(G)-submodule X of Lo (G) and for x € X and m € X*, one can naturally define mOz,
xdOm € Lo(G). Then X is said to be left introverted in Loo(G) if X*OX C X. In this case, the
canonical quotient map L1 (G)** — X* yields a Banach algebra multiplication on X* (also denoted by
0) such that (X*,0) 2 (L1(G)**,0)/X L. The topological centre 3,(X*) of X* is defined analogously to
3(L1(G)**,O). Right introverted subspaces of L. (G) and their topological centres are defined similarly.

Let Cy(G) be the reduced C*-algebra associated with G (cf. [35]) and let M (Cy(G)) be the multiplier
algebra of Cy(G). Then

(2.2) Co(G) S M(Co(G)) € Lo(G).

A quantum group G is compact if 1 € Cy(G), and is discrete if the dual quantum group G of G is compact,
which is equivalent to L; (G) being unital (cf. [14] and [55]). The co-multiplication I" maps C(G) into the
multiplier algebra M (Cy(G) ® Co(G)) of the minimal C*-algebra tensor product Cy(G) ® Co(G). Then

Co(G)* is a completely contractive Banach algebra under the multiplication (also denoted by ) given by
(2'3) <M * VU, ‘T> = <M v, F(‘T» = </1" (id® V)F(x» = <V7 (n® Zd)F(CL‘)) (/1'7 ve CO(G)*’ S CO(G>)’

where p @ v = p(id @ v) = v(p @ id) € M(Co(G) ® Co(G))*. Tt is known that Li(G) is identified with
a closed two-sided ideal in (Co(G)*, %) via f — flc, ) (cf. [35, pages 913-914]). If G is commutative
(respectively, co-commutative), then Cy(G) = Cy(G) and Cy(G)* = M(G) (respectively, Co(G) = C5(G)
and Cy(G)* = Bx(G)) for some locally compact group G, where C5(G) is the reduced group C*-algebra of
G and B\ (G) is the reduced Fourier-Stieltjes algebra of G. The C*-algebra Cy(G) is two-sided introverted
in Lo (G), and the Arens products O and ¢ on Cy(G)* coincide; they are just the product x due to (2.1)
and (2.3) (cf. [29, (2.10)]). We use M (G) to denote the completely contractive Banach algebra (Co(G)*, *).
Then M(G) is a dual Banach algebra in the sense of [54, Definition 1.1]; that is, the multiplication on
M (G) is separately w*-continuous. We showed in [29, Proposition 2.2] that the multiplication on M(G)
is also faithful.
According to [26, 56], the subspaces LUC(G) and RUC(G) of Lo (G) are defined by

(2.4) LUC(G) = (Loo(G)*Li(G)) and RUC(G) = (Li(G)* Loo(G)).

Then LUC(G) is left introverted in Lo (G), and RUC(G) is right introverted in L. (G). They are
the usual spaces LUC(G) and RUC(G) if G = Lo (G) for a locally compact group G, where LUC(G)
(respectively, RUC(Q)) is the space of bounded left (respectively, right) uniformly continuous functions

on G. If G = VN(G), then LUC(G) = RUC(G) is the space UCB(G) of uniformly continuous functionals
on A(G) (cf. [20]). We say that G is an SIN quantum group if LUC(G) = RUC(G) (cf. [26]). In [56,
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Theorem 2.4], Runde showed that LUC(G) is an operator system in L. (G) such that
(2.5) Co(G) € LUC(G) € M(Co(G)).

It was proved in [29, Theorem 5.6] that if G is semi-regular, then LUC(G) is a unital C*-subalgebra of
M(Cy(G)). This is a quite general result, which covers all Kac algebras, though we still do not know
whether it holds for all quantum groups. See [56, 58] for some co-amenable cases, where LUC(G) was
also shown to be a C*-algebra.

Let WAP(G) be the space of weakly almost periodic functionals on L (G), i.e., the subspace of L (G)
consisting of © € Lo (G) such that L1(G) — L (G), f —— x % f is weakly compact. Then WAP(G) is
an L1 (G)-submodule of Lo (G) and is two-sided introverted in Lo (G). It is known that if G = Lo (G),
then WAP(G) = WAP(G), the space of weakly almost periodic functions on G (cf. [8, page 69]), and
hence WAP(G) is often denoted by WAP(G) when G = VN(G). We have Co(G) C WAP(G) since the
two Arens products on Cy(G)* coincide, and WAP(G) C LUC(G) N RUC(G) if G is co-amenable (cf. [8,
Propositions 3.11 and 3.12] and [56, Theorem 4.4]). The relation between LUC(G) and WAP(G) will be
investigated in Section 3.

If G is co-amenable, then there exists a canonical completely isometric algebra homomorphism M (G) &
RM(L1(G)) — LUC(G)* (cf. [29, Propositions 3.1 and 6.5]). In general, M(G) can be linked to
LUC(G)* without going though RMc(L1(G)) (cf. (2.14) below). In fact, as shown in [29, Proposition
6.1], we can obtain a completely isometric embedding 7 : M(G) — LUC(G)* via the existence of a
unique strictly continuous extension of each p € Cy(G)* to LUC(G). This generalizes the corresponding
result by Lau and Losert [42] on A(G). We note that an isometric embedding of M(G) — LUC(G)* was
considered in [52, Lemma 4.1], but missing in its proof the above strictly continuous extension property.

In the following, we show that this embedding result can be strengthened and extended to more general
left introverted subspaces X of L (G) satistying Co(G) C X C M (Cy(G)). A related result for subspaces
of M(Cy(G)) with a stronger left introversion property can be found in [58]. To make the presentation
clear, we use M(/C—’;_(/G)) to denote the idealizer of Cy(G) in Cy(G)**. That is,

—_~—

(26) M(C(](G)) = {.’E c C()(G)** : Ex, ra € C(](G) for all a € Co((G)}

Here, for a € Cy(G), we use a to denote the canonical image of a in Co(G)**. It is known that we have

the C*-algebra isomorphism M (Cy(G)) = M(Cy(G)), which extends the identification Cy(G) = Cy(G).
We shall define the embedding M (G) — X* through the map

—_~—

(2.7) T: X © M(Co(G)) = M(Co(G)) € Co(G)™.

This approach to constructing the embedding M(G) — X* is different from the one used in [29, 58]
and also different from the one used in [42] for G = VN(G). Note that 7(Cy(G)) = C/’—@ and X is a
Co(G)-submodule of M(Cy(G)). Therefore, 7 : X — Co(G)** is a Cy(G)-bimodule map. We use - to
denote the canonical Cy(G)-bimodule actions on M(G). Then M(G) = M(G) - Co(G) = Co(G) - M(G)

(cf. [50, Proposition 9.4.27]).

Proposition 2.1. Let G be a locally compact quantum group and let X be a left introverted subspace of
Loo(G) such that Cyp(G) € X C M(Co(G)). Let 7 : X — Co(G)** be the map given in (2.7). Then

T =T1*Mm) : M(G) — X* is a completely isometric algebra homomorphism such that

X* = 7(M(G)) @ Co(G)*,
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where Co(G)* = {m € X* : m|cy@) =0} is a w*-closed ideal in X*.
Furthermore, we have

(i) m: M(G) — X* is a Co(G)-bimodule and L1(G)-bimodule map satisfying

(w(p),m* f) = (z, fHp) and (w(p), fxz) = (z,uxf) (ne M(G), zeX, feLi(G))
(11) 7T*‘X =T
(iii) 7(M(G)) C 3,(X*) if X C LUC(G).

Proof. Let up € M(G). By definition, we have w(u) = fi o 7, where fi is the canonical image of u in
M(G)** = [Co(G)**]*. Therefore, m(1)|cy () = p, and 7 : M(G) — X* is a complete isometry.

On the other hand, since M(G) = M(G) - Cy(G) and 7: X — Co(G)** is a Cy(G)-bimodule map, the
functional m(u) € X* is continuous in the relative strict topology of X, and thus we also have 7(p) = /| x,
where p/ € M(Co(G))* is the unique strictly continuous extension of u. Note that the co-multiplication T
maps M (Cy(G)) into M (Cy(G) @ Co(G)), and is strictly continuous on the closed unit ball of M (Cy(G)).
Hence, we derive from (2.1) and (2.3) that

(2.8) () 0z = (@ u)l'(z) and 7(w)Or(v) =7n(p*v) forallz € X and u, v € M(G).

It follows that 7 : M(G) — X* is an algebra homomorphism. Clearly, Co(G)* is a w*-closed ideal in
X*, and we have X* = (M (G)) & Co(G)*.

(i) Since 7 is a Co(G)-bimodule map, so is the map m = 7*|y(g). Let f € L1(G). Then 7(f) = f|x.
Thus 7(fxp) = 7(f)0Onr () = frm(p). Similarly, we have w(u* f) = m(u)* f. Therefore, 7 : M(G) — X*
is an Lq(G)-bimodule map, and the two equalities hold.

(ii) This is evident.

(iii) We first suppose that X = (X x L1(G)). Tt is seen from (i) that (z % f)Om(u) = x % (f * p) for all
xz € X and f € L1(G). Then X$m(p) C X since X = (X xL1(G)). Combining this with the first equality
in (i), we have (m(p)On,z) = (xOm(p),n) for all n € X* and x € X. Therefore, w(u) € 3:(X*).

In general, we suppose that X C LUC(G). By the above argument, we have M (G) C 3:(LUC(G)*)
under the embedding M (G) — LUC(G)*, whose composition with the restriction map LUC(G)* — X*
is just the map 7 : M(G) — X*. Since the restriction map LUC(G)* — X* is a surjective algebra
homomorphism, we obtain that M(G) C 3,(X™). O

Remark 2.2. It is seen from Proposition 2.1(ii) that 7*|x is completely isometric, since it is exactly

the canonical inclusion map 7 : X — Cy(G)**. In particular, if G = VN(G) and X = UCB(G), then
™o B(&) is completely isometric, which was proved in [31, Proposition 3.3] under the hypothesis that
A(G) has an approximate identity of completely bounded multiplier norm 1. The map 7*|;, B(@) Was
earlier considered in [42, Proposition 7.5], where Lau and Losert showed that G is compact if and only if

~

7 (UCB(G)) = BA(G)*. See Theorem 3.7 below for the quantum group version of their result.

Let W and V be the left and right fundamental unitaries of G, respectively. Let
A Li(G) — Co(G) € Luo(G), f— (f@1)(W)

be the left regular representation of G. Then A has a natural w*-w* continuous and completely contractive

~ A, A

algebra extension M (G) — L. (G), which is still denoted by A and given by (A(p), f) = (i, A« (f)), where

-~

A : L1(G) — Co(G) C Luoo(G) is the completely contractive injection f — (2@ f)(W). Since Co(@) =

)\(Ll(G))H'H, we have A : M(G) — M(Co(G)) C Loo(G). Similarly, the right regular representation
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p:L1(G) — Loo(@), f — (1® f)(V) of G is extended naturally to a w*-w* continuous and completely
contractive algebra homomorphism p : M (G) — M (Co(G')) C Loo(G) satisfying (p(1), f') = (11, p (f)),
where p, : L1(G') — Co(G) C Luo(G) is the completely contractive injection f' — (f/®@¢)(V) (cf. [29]).
The proof of Proposition 2.1 shows that for all 1 € M(G), f € L,(G), and f’ € Li(G'), we have

(2.9) (), M) = A, f) and (w (), o< (F)) = (p(p), ).
When G = VN(G) and X = LUC(G), this relation between the map 7 and the left and right regular

representations of G was given in [42, Proposiiton 4.2(b)].

As in the situation above for the left and right regular representations of G, the maps A, and p, can also
be extended naturally to w*-w* continuous complete contractions A, : M(G) — M (Co(G)) C Loo(G)
and p, : M(@’) — M(Cy(G)) C Loo(G), respectively. If wy : A* — M(A)* denotes the (unique)

strictly continuous extension map for a given C*-algebra A, then, extending (2.9), we can further obtain

(210) (@) () M) = W), Dy @ () and (@) (1) o) = (o), T, o (),

where p € M(G), i € M(G), and i/ € M(G).
Note that the left regular representation \ : Ll(@) — Loo(G) of G is given by

h=(e)Ews)
) = (& f)EVE),

(f)
and the right regular representation p’ : Ll(@ ) — Loo(G) of G’ is given by p '(f
where ¥ is the flip operator on La(G) ® Lo(G). It follows that

A=A and p(f) =5 ((F)) (f € Li(G), [ € Li(@).

Therefore, the maps A, : M(G) — Loo(G) and p, : M(G’) — Loo(G) are anti-algebra homomorphisms.

It is known that for any locally compact group G, the Fourier-Stieltjes algebra B(G) of G is contained
in WAP(G), and the left regular representation of G maps M (@) into WAP(G) (cf. [13, Theorem 11.2],
[5, Corollary 3.3], and [12, Theorem 2.8 and Chapter 8]). For a general locally compact quantum group G,
from the proof below, we see in particular how the embedding M (@) C WAP(G) can be obtained quickly
via the pair (A, \s) of maps. The proof also motivates the argument used in Section 5 in establishing the
stronger embedding C,,(G)* € WAP(G), a quantum group version of the above results on Loo(G) and
VN(G), where Cu(@) is the universal quantum group C*-algebra of G.

Proposition 2.3. Let G be a locally compact quantum group. Then
MM(G)) € WAP(G), p(M(G)) € WAP(G'), A.(M(G)) C WAP(G), and p.(M(G')) C WAP(G).
Therefore, if G and G are co-amenable, then we have

(2.11) (m(p); A () = (M), 7(2))  and (m(p), ps (i) = (p(p), 7" ()
forallp e M(G), i € M(G), and ii' € M(G'), where, #, and #’ are the embeddings M(H) —> LUC(H)*
given in Proposition 2.1 with H = G, @, and @’, respectively.

Proof. To make the notation simple, we prove only the third inclusion; the proof of the rest inclusions is
similar, noticing that A and p are algebra homomorphisms and A, and p, are anti-algebra homomorphisms.
Let i € M(G) and f € L;(G). Then we have

(2.12) (@) > f = Ac(fi- A(f)),
where for € Mo(G)*, ji - € M(G)* is given by (fi - 1h,7) = (i, ma) (A € M(G)*). The functional

~

fi-1 is indeed in M (G), since the multiplication on the von Neumann algebra M (@)* is separately w*-w*
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continuous. Then fi - A\(f;) — [i - 7 weakly in M(@) it A(fi) — m € M(@)* in the w*-topology of
M(G)*. Tt follows that the set {f- A(f) : f € L1(G) and ||f|| < 1} is relatively weakly compact in M (G).
Therefore, the set {A.(fi)xf : f € L1(G) and || f|| < 1} is relatively weakly compact in Lo (G) (cf. (2.12));
that is, A\.(f1) € WAP(G).

The final assertion follows from (2.10) and the fact that WAP(H) C LUC(H) if H is co-amenable. O

Theorem 2.4. Let G be a locally compact quantum group and let X be a left introverted subspace of
Loo(G) containing Co(G). Then
(i) X* is right unital <= G is co-amenable;
(il) X* s left unital <= [G is co-amenable and X C LUC(G)]. In this case, X* is unital and
X = (X % L1(G)).

Proof. It is known from [3, Theorem 3.1] that G is co-amenable if and only if M (G) is unital; the latter is
also equivalent to M(G) being right or left unital, since Co(G) = (Co(G) x M(G)) = (M(G) x Co(G)) (cf.
[29, Proposition 2.2]). Note that the restriction map X* — M (G) is a surjective algebra homomorphism,
and any w*-cluster point of a bounded approximate identity of L;(G) in X* is a right identity of X*.
Hence, (i) is true, and (ii) follows from (i) and the fact that L;(G) is w*-dense in X*. O

Therefore, (Loo(G)*,0) is (left) unital <= [G is co-amenable and L. (G) = LUC(G)], and for X =
Co(G), LUC(G), or WAP(G), we have

(2.13) X is one-sided (and hence two-sided) unital <= G is co-amenable.
Clearly, we have the following corollary by (2.8), Proposition 2.1(i), and Theorem 2.4.

Corollary 2.5. Let X and 7 be the same as in Proposition 2.1. Then X is a left M(G)-submodule of
Loo(G) and 7 is a right M(G)-module map. In addition, if X is an M(G)-submodule of Loo(G) (e.g.,
X =Cy(G), LUC(G), WAP(G)), then w is an M(G)-bimodule map.

In particular, if G is co-amenable with g the identity of M(G), then eq = w(uo) is a right identity of
X*, and m is given by p—— egx pu, which is equal to p+— pxeg if X is an M(G)-submodule of Lo (G).

The corollary below follows immediately from Proposition 2.1 and its proof. See [31] for results on

extension of reduced Fourier-Stieltjes algebra homomorphisms.

Corollary 2.6. Let Gy and Ga be locally compact quantum groups and let j : M(G1) — M(Gs) be a
bounded algebra homomorphism. Suppose that for i = 1,2, X; is a left introverted subspace of Loo(Gy)
such that Cy(G;) C X; C M(Co(Gy)) and j*(12(X2)) C 71 (X1), where 7+ X; — Co(G;)*™ is given as in
(2.7). Then the bounded linear map x = Tfl 0j* oy Xo — X7 satisfies the following:
(i) the adjoint map k* : X7 — X3 is the unique w*-w* continuous extension of j and an algebra
homomorphism with ||k*| = ||7||;
(ii) of j is completely bounded, then so is &* and we have ||*||cb = ||F||cb-

Let Br,(c)(Loo(G)) be the Banach algebra of bounded right L;(G)-module maps on L. (G) and let
RM(L1(G)) be the right multiplier algebra of L,(G) (with opposite composition as the multiplication).
Then RM(L1(G)) = BY | (Lo (G)) via pp— p*, where BY | 5)(Loo(G)) is the Banach algebra consisting
of w*-w* continuous maps in By, ) (Lo (G)). For m € LUC(G)*, let my(z) = mOz (z € Loo(G)), and

we use the same notation when m € Lo (G)*. Then the map

LUC(G)" — Br,(c)(Lo(G)), m — my,
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is an injective, contractive, and w*-w* continuous algebra homomorphism (cf. [29]). In the sequel,
whenever the algebras RM (L1(G)) and LUC(G)* are compared, they are identified with their canonical
images in By, (¢)(Leo(G)). Also, we write L1(G) = M(G) if the canonical embedding L;(G) — M(G) is

onto. It is seen from Proposition 2.1(i) that we have the commutative diagram

M(G) m RM(L1(G))
(2.14) | | r—1

of algebra homomorphisms, where m”(u)(f) = f*xp (u € M(G), f € L1(G)). Therefore, we always have
M(G) C RM(L1(G))NnLUC(G)*.

For general Banach algebras, we introduced in [26] the concept of quotient strong Arens irregularity
(Q-SAI). It is known from Proposition 2.1(iii) and [26, Theorem 32] that

(2.15) L1(G) is Q-SAI <= 3, (LUC(G)*) C RM(L1(G)) <= 3.(LUC(G)*) = M(G).
It was also shown in [26, Theorem 15] that
(2.16) G is co-amenable <= RM(L1(G)) C 3:(LUC(G)") <= LUC(G)" = Br,(6)(Leo(G)).

Therefore, Q-SAI and co-amenability are in a sense opposite to each other, and every commutative locally

compact quantum group happens to possess both properties.
Let BlLl(G)(LOO(G)) be the space of T' € By, (g)(Loo(G)) such that T*(L1(G)) C 3:(L1(G)**,0). Then

BlLl(G)(LOO(G)) ={T € Br,6)(Lo(G)) : L1(G)™ — Br,(¢)(Loo(G)),m +— T omp, is w*-w™ continuous}.

The space BZI(G)(LOO(G)) can be defined and obtained analogously by replacing 3:(L;(G)**,0) and
my, by 3:(L1(G)**, <) and mpg, respectively, where mg(x) = xdm (x € Ls(G)). Then we have
Bj (6)(Loc(G)) = Bi, (¢)= (Lo (G)), the algebra of bounded right (L1(G)**, ¢)-module maps on Lo (G).
It is evident that

B, 6(Lool©) € Bly)(Loo(©)) € By (La(G)).

Due to [26, Corollary 4(i) and Theorems 23 and 32], we have
(2.17) Li(G)is Q-SAT <= B} (¢)(Leo(G)) = B7, (g)(Loo(G)).

Remark 2.7. Suppose that Li(G) is Q-SAT and X is given as in Proposition 2.1(iii). Then we have
Co(G) C X CLUC(G) and 3(LUC(G)*) = 3:(Co(G)*) = M(G) C 34(X™). In this situation, however,
we may not have 3:(X*) = M(G). For example, if G = Ly (G) with G a non-compact locally compact
group, then X = WAP(G) satisfies all the conditions in Proposition 2.1(iii), but 3,(X*) = WAP(G)* #
M (G) since Co(G) G WAP(G).

Remark 2.8. Let G and H be locally compact quantum groups. Suppose that there exist bounded
algebra homomorphisms ¢ : L1(G) — Ly (H) and s : Ly (H) — L1 (G) such that

tos=idp,m, (sot)(f)*s(h)=fxs(h), and s(h)x(sot)(f)=s(h)xf (fe€ Li(G), h e Li(H)).

It can be shown that if L1 (G) is Q-SAT (respectively, SAI), then so is L;(H). See [24, 25] for such results
in the co-commutative case. The above conditions are satisfied if L. (H) is a von Neumann subalgebra of
Loo(G) with I'y = I'g|z__m) and there is a normal conditional expectation P from L. (G) onto L (H)
such that (idy_ () ® P)ol'g = (P®idy_(g)) oI'c = I'c o P. This is the case in particular if G = Lo (G)
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and H = Lo (G/K), or G = VN(G) and H = VN(Gy), where G is a locally compact group, K is a
compact normal subgroup of G, and Gy is an open subgroup of G. In other words, for commutative
and co-commutative quantum groups, these conditions are satisfied if H is a Kac subalgebra of G (cf.
[15, Theorem 4.5.10 and Corollary 4.3.6]). The reader is referred to [59, 62] for the related concepts of

quantum subgroups and coideals of quotient type.

Finally, we recall that the class of Banach algebras of type (M) was introduced in [27]. Roughly
speaking, a Banach algebra A is of type (M) if an algebraic form of the Kakutani-Kodaira theorem on
locally compact groups holds for A (see [27] for the precise definition). It is known from [27] that every
L1(G) is in this class, and so is A(G) if G is amenable. Also, any separable quantum group algebra L, (G)
with G co-amenable is of type (M). The reader is referred to [27] for more information on this class of

Banach algebras.

3. MODULE MAPS OVER QUANTUM GROUPS, COMPACTNESS, AND DISCRETENESS

Theorem 3.1. Let G be a locally compact quantum group. Then the following statements are equivalent:
(i) G is compact;
(ii) LUC(G) = Cy(G);
the embedding m : M(G) — LUC(G)* is w*-w* continuous;
UC(G)" = M(G);
UC(G)* € RM(L1(G));
(vi (G) *x L1(G)*™ C L1(G);
(vii (G)*x LUC(G)* € M(G);
(viii) L1(G) x LUC(G)* € RM(L1(G));
() Br(o)(Lool(@)) = BE, (o) (Loo()).

In addition, the inclusions in (v) and (vi) can be replaced by the equalities if G is co-amenable.

)
(iii)
(iv) L
(v) L
i) Ly
i) L
) L

1

G
)
)
)

Proof. (i) <= (ii). This follows from (2.5) and the facts that 1 € LUC(G), and G is compact (i.e
1 € Cy(G@)) if and only if Cy(G) = M (Cy(G)).

(ii) = (vi). Suppose that Co(G) = LUC(G). Let f, g € L1(G), m € L1(G)*™, and p = m|Luc(c)-
Then p € M(G) and g*p € L1(G). For all © € Lo (G), we have z x f € Cy(G), and thus

*)

(fxg)xm,x) = (p,(xx ) *x g)m@).co@) = (9 *D, T* fL, (€)1 (@) = (f x (g% D), T).

Therefore, (f xg)xm = fx (g +p) € L1(G), and hence (vi) holds since (Ll(G) * [1(G)) = L1 (G).

(vi) = (ii). Assume that L;(G) x L1(G)** C L1(G) but Co(G) & LUC(G). Then there exists
m € Ly(G)*™ such that m| pc@@) # 0 but m|c,@) = 0. For all a € Cy(G) and f € Li(G), we have
(a, f xm) = (a* f,m) =0 since ax f € Cy(G), and hence f+m = 0, noticing that f *m € L1(G). Thus
(xx fym) = (x, fxm)=0forall z € Lo (G) and f € L1(G); that is, m| yc(c) = 0, a contradiction.

(ii) = (iii). Note that for 4 € M(G), the functional 7(yx) is an extension of u to LUC(G). Therefore, if
Co(G) = LUC(G), then 7 : M(G) — LUC(G)* is just the identity map and hence is w*-w* continuous.

(iil) = (iv). Suppose that 7 : M(G) — LUC(G)* is w*-w* continuous. Then 7(M(G)) is w*-closed
in LUC(G)*, since 7 is isometric. Note that w(Lq(G)) is w*-dense in LUC(G)*. Therefore, we have
LUC(G)* = n(M(G)).

(vi) <= (vii) <= (viii). This can be shown by the same argument as used in the proof of (ii) = (vi),
noticing that LUC(G)* is a canonical quotient algebra of (L1 (G)**,0) and (L1 (G) x L1(G)) = L1 (G).
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(iv) = (v) = (viii), and (ix) = (v). This is obvious.

(v) = (ix). This follows from [28, Theorem 3.2(V)] on Banach algebras A satisfying (A?) = A. To
make the proof self-contained, we give below a direct proof. Suppose that LUC(G)* C RM(L1(G)). Let
T € Br,6)(Lo(G)). Then S = T yc(c) : LUC(G) — LUC(G) and thus S*(LUC(G)*) € RM(L1(G)).
Let f, g € L1(G). Then S*(g)r = p* for some p € RM(L1(G)). Hence, for all z € Lo (G), we have

(T*(fxg),x) = (9, T(x) x f) = (g, 5z * f)) = (S(9), xx f) = (S"(9) (), f) = (z, u(f)).

Therefore, T*(f xg) = p(f) € L1(G). Since (L1(G)* L1(G)) = L1(G), it follows that T*(L1(G)) C L1(G)
and thus T € Bf ) (Loo(G)).

The final assertion holds since if G is co-amenable, then RM(L1(G)) C LUC(G)* (cf. (2.16)) and
L1(G) C Li(G) x L1 (G)**, noticing that now (L;(G)**,0O) is right unital (cf. Theorem 2.4). O

The above Banach algebra approach gives an elementary proof of (i) <= (vi), which is one of the main
results of [55] by Runde. The proof can even be quicker if the embedding M (G) — LUC(G)* is used. For
G = L (G), (i) <= (ix) was shown by Lau [36, Theorem 2]. For G = VN(G), (i) < (ii), (i) < (iii),
(i) <= (iv), and (i) <= (vi) were shown by Lau [37, Proposition 4.5], Ilie and Stokke [31, Proposition
3.5], Lau and Losert [42, Theorem 4.12], and Lau [38, Theorem 3.7], respectively.

Obviously, (vi) is equivalent to L1 (G)** x L1(G) C L1(G), since L1 (G) is an involutive Banach algebra.
Note that Co(G)-NRM (L1(G)) = {0}, where Cy(G)= is the annihilator of Co(G) in LUC(G)*. Therefore,
due to (i) <= (ii), we can also replace the product L1 (G)xLUC(G)* in (vii) and (viii) by LUC(G)*xL1(G).

Recall that a locally compact quantum group G is called amenable if there exists a left invariant mean
on Lo (G); that is, there exists m € Loo(G)* such that ||m| = (m,1) =1 and fxm = (1, f)m for all
[ € Li(G). In this case, m| yc(c) is a left invariant mean on LUC(G) since 1 € LUC(G). Right invariant
means are defined similarly. It is known that the involution on L;(G) can be canonically extended to a
linear involution o on L;(G)** satisfying (mn)° = n°dm° (cf. [26, page 633]). Clearly, m € Lo (G)*
is a left invariant mean if and only if m® is a right invariant mean. Therefore, the existence of a right
invariant mean on L (G) is equivalent to G being amenable. It is also known that every co-commutative
locally compact quantum group is amenable.

It is not clear whether WAP(G) always has a left invariant mean, though this is the case when G is
commutative or amenable (cf. [56, Remark 4.7]). Similar to the situation for LUC(G), the restriction
to WAP(G) of any one-sided invariant mean on Ly (G) is a mean on WAP(G) with the same side of
invariance. Furthermore, for any left (respectively, right) invariant mean m on WAP(G) with p € Lo (G)*
a Hahn-Banach extension of m, it is seen that n = p°|yw ap(g) is a right (respectively, left) invariant mean
on WAP(G). As noted in [56, Remark 4.7], we can conclude that

(3.1) any one-sided invariant mean on WAP(G) is unique and two-sided invariant whenever it exists.
According to [26], the norm closed subspace LUC(G)}, of LUC(G)* is defined by
LUC(G)yp = {me LUC(G)" : z{m € LUC(G) for all x € LUC(G)}.

For m € LUC(G)} and n € LUC(G)*, we naturally define m&n € LUC(G)*. It is known from [26,
Theorem 2] that

(3.2) 3:(LUC(G)*) = {m e LUC(G)} : mOn = m{n for all n € LUC(G)*}.
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Therefore, we have
M(G) C 3.(LUC(G)") C LUC(G)r, € LUC(G)".

It is evident that m € LUC(G)%, if m is a right invariant mean on LUC(G).

Theorem 3.2. Let G be a locally compact quantum group. Then the following statements are equivalent:
(i) LUC(G) CWAP(G);
(ii) LUC(G)* = 3+(LUC(G)*);
(i) L1(G) * L1(G)** C 3:(L1(G)**,O);
(iv) Li(G) » LUC(G)" € 3:(LUC(G)*);
(v) Broe)(EoelG)) = BL (Lo (G)).
If LUC(G)* is left faithful (e.g., G is co-amenable or SIN), then (i) - (v) are equivalent to
(vi) LUC(G)5, = 3:(LUC(G)*).

Ly
Ly

Furthermore, the above (i) - (vi) are all equivalent to G being compact in the following two cases:

(a) L1(G) is Q-SAL
(b) G is amenable with L1(G) separable.

Proof. The first two assertions follow from [28, Theorem 5.4] on more general Banach algebras A satisfying
(A%) = A. To show the final assertion, we suppose that (vi) holds. We prove that G is compact in the
cases (a) and (b), noticing that [G is compact] = (i) = (vi).

Case (a). In this case, by the equivalence (ii) <= (vi) (cf. [28, Theorem 5.4]), we have LUC(G)* =
3:(LUC(G)*) = M(G) (cf. (2.15)). Therefore, G is compact (cf. Theorem 3.1).

Case (b). Let mg be a fixed right invariant mean on LUC(G), which exists by taking restriction to
LUC(G) of a right invariant mean on Lo (G). Let v € Lo (G)* be any left invariant mean and let
n = v|lrvewe). Then myg € LUC(G); = 3:(LUC(G)*) and hence mon = mo{dn. Since Ly(G) is

w*-dense in LUC(G)*, n is a left invariant mean, and myg is a right invariant mean, we obtain
n = (mo, 1)n = medn = medn = (n, 1)my = mo;
that is, n = mg. Taking an fo € L1(G) with fo(1) = 1, we have

(v,z) = fo(1)(v,2) = (v,x * fo) = (n,x* fo) = (mo,z+ fo) for all x € Lo(G).

Therefore, 7 is the unique left invariant mean on Lo (G).

To obtain that G is compact, by [3, Proposition 3.1], we need only show that « is in L;(G). This
is indeed true by applying [39, Proposition 4.15(b)] on F-algebras, a class of Banach algebras including
all convolution quantum group algebras. In fact, as mentioned in [39, Proposition 4.15(b)] (with details
omitted), this follows by an argument given in the proof of [20, Theorem 7] (more precisely, by using [19,
Corollary 1.3]). For convenience, we include below details of this argument.

Let K be the set of normal states on Lo (G). Then, by the Hahn-Banach theorem, we have v € K" (the
w*-closure of K in Lo, (G)*). Let (u;) be a norm dense sequence in K. For each i, let s; : L1(G) — L1(G)
be the bounded linear map f —— (u; x f) — f. Then the map s* : Loo(G)* — Loo(G)* is given by
p+— (u;*p) —p. Let

F = Fw*ﬁ{pELoo(G)*;s**(p)zo fori:LQ’...},_

3
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Clearly, if p € Fw*, then s7*(p) = 0 for all ¢ if and only if p is a left invariant mean on Lo (G). Therefore,
we have F' = {v}. By [19, Corollary 1.3], there exists a sequence (v;) in K such that v; — + in the w*-
topology of Lo (G)*. Then (v;) is a weak Cauchy sequence in L;(G). It follows from the weak sequential
completeness of L1 (G) that « is indeed in L1 (G). O

Remark 3.3. (i) An inspection of the proof shows that (b) can be replaced by the more general condition
(¢) G is amenable, and is compact whenever L., (G) has a unique left invariant mean.

It is known from [42, Corollary 4.11] that (c) is satisfied if G is co-commutative; in this case, Lau and
Losert [43, Proposition 5.1] showed that (ii) in Theorem 3.2 is equivalent to G being compact.

(ii) Obviously, L (G) has a unique left invariant mean if G is compact. In fact, due to (3.1), we have
(3.3) LUC(G) CWAP(G) = L(G) has at most one left invariant mean.
The proof of Theorem 3.2 shows that if G is amenable with L;(G) separable, then
(3.4) L+ (G) has a unique left invariant mean <= G is compact.

Corollary 3.4. Let G be a locally compact quantum group. Then the following statements are equivalent:

(i) G is compact;
(i) L1(G) is @-SAI and LUC(G) C WAP(G).

If L1(G) is separable, then (i) and (ii) are equivalent to
(iii) G is amenable and LUC(G) C WAP(G).
Therefore, if G is co-amenable, then G is compact <= [L1(G) is Q-SAI and LUC(G) = WAP(G)].

Proof. The first two assertions follow from Theorem 3.2. The final assertion holds, since WAP(G) C
LUC(G) if G is co-amenable (cf. [8, Proposition 3.12]). O

Remark 3.5. (i) Since every group algebra L;(G) is Q-SAI (cf. [40]), for any commutative quantum
group G, we have that G is compact if and only if LUC(G) = WAP(G). In the co-commutative case,
though L;(G) can be non Q-SAT (cf. [47]), we still have

(3.5) G is compact <= LUC(G) C WAP(G).

This is true due to [20, Theorem 12] (see [23, Corollary 6.6] for an improvement of [20, Theorem 12]).
The equivalence in (3.5) also follows from (3.3) and the fact that VN(G) has a unique invariant mean
precisely when G is discrete (cf. [42, Corollary 4.11]). Theorem 3.2 together with Remark 3.3 shows that
(3.5) holds if G satisfies one of the above conditions (a), (b), and (c¢). It would be interesting to know
whether we have (3.5) for general locally compact quantum groups.

(ii) We point out that, even for co-commutative compact quantum groups G, it is still open whether
WAP(G) C LUC(G) holds. If this is true, then there is no infinite group G with the Fourier algebra A(G)
Arens regular; that is known only for amenable groups G (cf. [17, Proposition 3.5] and [38, Proposition
3.3]). As noted in [43, Problem 3] and [46, Remark 7], it is possible that an Olshanskii group would provide
a counterexample to this open question. Therefore, it is very difficult to give an affirmative answer to the
question whether LUC(G) = WAP(G) is equivalent to G being compact for a general locally compact
quantum group G (see the problem raised by Runde in [56, Remark 4.5]).
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Note that the adjoint of the inclusion map Li(G) — M (G) is the surjective and normal *-homomorphism
Co(G)*™ — Loo(G), x — x|, (g), which extends the inclusion Cy(G) C Loo(G). Clearly, the kernel of
this *-homomorphism is the w*-closed ideal Li(G)* in Cy(G)**. Then there exists a central projection p
in Co(G)** such that Li(G)* = (1 — p)Co(G)**, and thus we have

(3.6) Co(G)™ = pCo(G)™ oo L1(G)" = Loo(G) Boe L1 (G)" via z@y+— [, ) D y-
Let £ : Loo(G) — Co(G)** be the injective and normal s-homomorphism induced from (3.6). Recall that

Co(G) C M(Co(G)) € Lao(G) and M(Co(G)) = M(Co(G)) C Co(G)™

However, as shown below, we do not have k(M (Cy(G))) = M(Cy(G)) in general. On the other hand,
comparing & : Loo(G) — Co(G)** with the map 7 = 7|y : LUC(G) — Co(G)** as given in
Section 2, we see that k is always w*-w* continuous and 7 is always an M (G)-bimodule map (cf. Corollary

2.5). It turns out that  is an M (G)-bimodule map if and only if 7 is relatively w*-w* continuous.

Proposition 3.6. For any locally compact quantum group G, the following statements are equivalent:
() Li(G) = M(G); _ L

(i1) #(Co(G)) = Co(G) (respectively, 5(M(Co(G))) = M(Co(G)));

(iil) l€|LUc(G =71 (respectively, k(11 _(c)) = Loy @)= );

(iv) k: Loo(G) — Co(G)** is an M(G)-bimodule (respectively, L1(G)-bimodule) map;

(v) 7: LUC(G) — M(G)* is o(LUC(G), L1(G))-w* continuous.

Proof. Note that k(11 (g)) = p, and 7 : LUC(G) — M(G)* is the inclusion map LUC(G) — Lo (G)
when L1 (G) = M(G) canonically. Thus we have (iii) = (i) = each of (ii) - (v).

[(ii) = (i)] and [(v) = (i)]. This follows from the Hahn-Banach theorem and the facts that C/’Q—E@
is w*-dense in Cy(G)** and pCy(G)** is w*-closed in Co(G)**.

(iv) = (i). Suppose that & : Lo (G) — Co(G)** is an L1 (G)-bimodule map. Since (L1 (G)+ )L, (G) =
{0}, by (3.6), we have

Co(G)" + L1(G) = (pCo(G)™) * L1(G) = K(Loo(G)) x L1(G) = K(Leo(G) * L1(G)) C pCo(G)™

Note that 1gy@)+ € Co(G)*™ x L1(G). Therefore, 1cy @)« = p and hence Li(G)* = {0}; that is,
L1(G) = M(G). O
It is known from [55, Theorem 4.4] that G is discrete if and only if M(/C;(/G)) = Cy(G)**. We shall see
from the following theorem that G is discrete if and only if [M(Co(G)) = Lo (G) and L1(G) = M(G)).
For co-amenable quantum groups G, unlike the situation in Theorem 3.1(v) and (vi), the inclusions in
Theorem 3.1(vii) and (viii) usually cannot be replaced by the equalities. In fact, we show below that the
reversion of the inclusion in Theorem 3.1(viii) characterizes discreteness (the “reversion” of compactness).

This is also the case with Theorem 3.1(vii) if G satisfies the following condition. We say that
(3.7 G satisfies Condition () if [L1(G) x L1(G) = L1(G) = G is co-amenable].

Note that L1(G) x L1(G) = L1(G) if G is co-amenable. It is known from [44, Proposition 2| that every

co-commutative locally compact quantum group satisfies Condition (*)

Theorem 3.7. Let G be a locally compact quantum group. Consider the following statements:

(i) G is discrete;
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(ii) L1(G) = M(G), and LUC(G) = Lo (G) (respectively, M (Co(G)) = Lo (G));

(iii) 7| vc@) : LUC(G) — M(G)* is surjective;

(iv) RM(L1(G)) C L1(G) x LUC(G)*;

(v) 3:(LUC(G)*) € Li(G) x LUC(G)*;

(vi)
) L

(vii

M(G) C L1(G) x LUC(G)*;
1(G) = M(G).
Then (i) < (i) < (iil) < (iv) = (v) = (vi) = (vii), (i) - (vi) are equivalent if G satisfies
Condition (x), and (i) - (vil) are equivalent if G is co-amenable.

Furthermore, if G is co-amenable with L1(G) of type (M) (e.g., L1(G) is separable), then (i) - (vii) are
all equivalent to

(viii) LUC(G) = Loo(G).

Proof. It is obvious that (i) == each of (ii) - (v), and (v) = (vi). We have (ii) <= (i) by Proposition
3.6 and [55, Theorem 4.4], and (vi) = (vii) holds due to Proposition 2.1.

(ill) = (i). Suppose that 7*(LUC(G)) = M(G)*. By Proposition 2.1(ii), we have M(/C_';_(/(G)) =
Co(G)**. Therefore, G is discrete (cf. [55, Theorem 4.4]).

(iv) = (i). Suppose that RM(L1(G)) C L1(G)x LUC(G)*. Let id € RM(L1(G)) be the identity map
on L1(G). Then there exist f € L1(G) and n € LUC(G)* such that id* = (f *n)r. By the decomposition
LUC(G)* = M(G) @® Co(G)* in Proposition 2.1, we have n = u + p for some p € M(G) and p € Co(G)*.
Let fo = fxpand m = fxp. Then fo € L1(G), m € Co(G)*, and id* = (fo +m)r = (fo)r + my. For
z € Co(G) and g, h € L1(G), we have (mp(hxx),g) = (m,h*xx % g) =0, and hence

(r,gxh) = (hxwz,g) = (id"(hxx),9) = ((fo)L(h*x),9) + (mr(h*x),9) = (foxh*z,g) = (x, 9% fox ).

Thus g*h = g foxh for all g, h € L1(G). Therefore, fy is an identity of Li(G) since L;1(G) is faithful.
It follows that L;(G) is unital, and hence G is discrete.

The second and third assertions hold since G is co-amenable if and only if M(G) is unital (cf. [3,
Theorem 3.1]), and the final assertion follows from [26, Theorem 22]. O

Remark 3.8. (a) It is known from [4, Theorem 3.6] that if a locally compact group G contains an almost
connected open normal subgroup, then G is compact whenever A(G) = B)(G). It is open whether this
is true for all groups G. Therefore, it is unknown whether (i) and (vii) are equivalent for general co-
commutative quantum groups. Also, it is not clear for us whether (i) <= (vii) for all non co-amenable
compact quantum groups G, though this holds if in addition G is co-commutative (cf. [4, Lemma 3.5]).

(b) Obviously, we have G is discrete = [LUC(G) = Lo (G)] = [M(Cy(G)) = Loo(G)]. The reverse
implications hold if G is commutative or co-commutative (cf. [21, Theorem 3]). As seen in Theorem 3.7,
we have “[LUC(G) = Lo (G)] = G is discrete” if L1(G) is of type (M).

On the other hand, there exists a non-discrete quantum group G such that L,(G) = M(G) as Banach
spaces and M (Cy(G)) = Loo(G) as C*-algebras. In fact, Baaj and Skandalis showed that there exists
a quantum group G such that Cyo(G) =2 K(H) C B(H) = Lo(G) (as C*-algebras) for some Hilbert
space H of infinite dimension (cf. [2, Section 8]). It is clear that this quantum group G is non-discrete
(nor compact). Then the #-homomorphic embedding Cy(G) — Lo (G) obtained from the above *-
isomorphisms is not the canonical inclusion Co(G) C Lo (G). Therefore, both induced identifications
L1(G) 2 M(G) and M(Cy(G)) = Lo(G) are not the canonical equalities. The reader is referred to [30]
for conditions which are equivalent to Co(G) C K (L2(G)).
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For convenience, a locally compact quantum group G is said to be finite if L (G) is finite dimensional.
It is clear that

(3.8) G is finite <= G is compact and discrete.

In fact, if G is compact and discrete, then Lo, (G) must be a finite direct sum of full matrix algebras.

The result below is immediate by Theorem 3.1, Theorem 3.7, and (3.8), which shows that compactness,
discreteness, and finiteness of G can be characterized simultaneously by comparing RM (L (G)) with the
module product Li(G)* LUC(G)*. Tt is interesting to compare this result with those characterizations of
Q-SAT and co-amenability given in terms of RM (L1(G)) and 3;(LUC(G)*) (cf. (2.15) and (2.16)). Note
that 3;(LUC(G)*) and L1(G) » LUC(G)* are not related in general (cf. Theorems 3.2 and 3.7).

Proposition 3.9. Let G be a locally compact quantum group. Then the following assertions hold.
(i) G is compact <= L1(G)x LUC(G)* C RM(L1(G)).
(ii) G s discrete <= L1(G)x LUC(G)* 2 RM(L1(G)).
(iii) G is finite < L1(G)* LUC(G)* = RM(L1(G)).
Furthermore, the algebra RM (L1(G)) in (i) - (iii) can be replaced by M (G) if G satisfies Condition ().

It is known that a group algebra L; (G) is Arens regular if and only if G is finite (cf. [65]). As mentioned
in Remark 3.5(ii), the above L;(G) can be replaced by A(G) if G is amenable. These two results can be
seen dual of each other, noticing that L., (G) is always co-amenable, and V' N(G) is co-amenable precisely
when G is amenable. Also, for a general locally compact group G, Arens regularity of A(G) implies

discreteness of G (cf. [17, Theorem 3.2]). We have the following quantum group version of these results.

Theorem 3.10. Let G be a locally compact quantum group such that L1(G) is Arens reqular. Then

(i) G is discrete if G is co-amenable;
(ii) G is compact if one of the conditions (a), (b), and (c) in Theorem 3.2 and Remark 3.3 is satisfied.

Therefore, G is finite if G is co-amenable satisfying one of the above (a), (b), and (c).

Proof. (i) If G is co-amenable, then L;(G) is unital by [60, Theorem 3.3], and hence G is discrete.

(ii) Since L1(G) is Arens regular, we have 3;(Li(G)**,0) = L1(G)**. Then the assertion holds by
Theorem 3.2 and Remark 3.3.

The final assertion follows from (i), (ii), and (3.8). O

Let LM(L1(G)) be the left multiplier algebra of Li(G). Then LM (L1(G)) — B(Loo(G)), u+— p*
is an injective anti-algebra homomorphism. In the theorem below, RM(Li(G)) and LM (L;(G)) are
identified with their canonical images in B(Ls(G)) and the commutants are taken in B(Loo(G)). This
result in particular improves and extends [18, Theorem 5.1], which says that By, () (Le(G))¢ = M(G)
(or equivalently, Li(G)° = M(G)) holds in B(L(G)) for every locally compact group G, noticing that
L1(G) is always SAI and of type (M) (cf. [41] and [27]).

Theorem 3.11. Let G be a locally compact quantum group. Then we have
() Ly(G)* = M(G)* = RM(L1(G))° under Ly(G) C M(G) = RM(L;(G));
(1) L1(G)* = M(G)¢ = LM(L1(G))¢ under L1(G) C M(G) — LM(L1(G));
(IIT) LM(L1(G)) = RM(L1(G)) < G is compact <= RM(L,(G))* = LM(L1(G)).
Furthermore, the following statements are equivalent if L1(G) is of type (M):
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() By (Loo(©)) = B, (o) (Loo(@));
(i) L1(G) is SAI;
(i) M(G)* = M(G) via M(G) = RM(L\(G)) or M(G) = LM(L1(G)).

Proof. (I) Clearly, we have RM (L1(G))¢ C M(G)¢ C L1(G)¢. Conversely, let T' € L1(G)¢. Then T'(fxx) =
f*T(x) (f € L1(G), x € Loo(G)). For all f, g € Li(G), p € RM(L1(G)), and = € Lo(G), since

g* p*(x) = pu(g) » x, we have

(T (), f*g) = (T(g*p" (), f) = (T(ulg) x x), f) = (Tw, f x p(g)) = (W (Tx), f *g).
Thus Top* = p*oT for all u € RM(L1(G)), since (L1(G)xL1(G)) = L1(G). Therefore, T € RM(L1(G))°.

(IT) This follows by a similar argument as given above.
(III) Tt is easy to see that L1(G) = Br,(g)(Loo(G)) under Ly1(G) — LM (L1(G)). The equivalences
then follow from (I), (II), and Theorem 3.1 and its left-sided version.

Suppose now that L1 (G) is of type (M). Since G is co-amenable, it is seen from Section 2 that
B )(Leo(G)) = {mr:m € L1(G)™ and L1(G) *m C L1(G)}

and

Br, @) (Leo(G)) = {mr :m € L1(G)™ and L1(G) »m C 3:(L1(G)™", )}
Recall from [27, Theorem 32(ii)] that L;(G) is SAI if and only if Li(G )*3,5(L1( ), 0) € Li(G).
Therefore, we obtain (i) <= (ii). On the other hand, under L,(G) C M(G) &2 RM (L ( )), we have
B? (¢)(Lo(G)) = M(G), L1(G)® = {mp : m € L1(G)™}, and By, g) (L (G)) = {mR :m € L (G)*™}e.
The corresponding equalities hold for Ly (G) € M(G) = LM (L1(G)). It follows from (I) and (II) that we
have (i) < (iii). O

In the immediate corollary below, (ii) is the quantum group version of [42, Theorem 6.5(i)] on VN (G).

Corollary 3.12. Let G be a locally compact quantum group. Then we have
(i) if L1(G) is separable, then M(G)“ = M(G) < |G is co-amenable and L1(G) is SAI|;
(ii) if G is compact with L1(G) of type (M), then L1(G) is SAL

Let G be a locally compact group. Then By, () (L (G)) = LUC(G)*,
B7, () (Le(G)) = Bry(a)+(Lso(G)) = Bl,()(Lxo(G)) = 3(LUC(G)") = M(G),

and L;(G) is SAI (cf. [40, 41]). In particular, Theorem 3.2 strengthens [36, Theorem 2] on G = Lo (G).
The situation for A(G) is very different. Firstly, the topological centres of A(G)** (with either Arens
product) and UCB(G)* are just their algebraic centres, since A(G) is commutative. Secondly, on the
one hand, A(G) is SAI for many amenable groups G (cf. [16, 24, 25, 42, 43]). On the other hand, as
shown by Losert [46, 47], both A(F2) and A(SU(3)) are non SAI, though A(F2) is Q-SAI (cf. Corollary
3.4) and SU(3) is compact. Finally, we have UCB(G)* C Bae)(VN(G)), BA(G) € B ) (VN(G)), and
3(UCB(G)*) C By~ (VN(GQ)) = BlA(G)(VN(G)), and any (and hence all) of these three equalities
holds precisely when G is amenable. In this case, (iv) <= (ix) in Theorem 3.1, (ii) <= (v) in Theorem
3.2, and the equivalence in (2.17) are indeed non-trivial.

We close this section with some applications to A(G). Obviously, we always have

BIA(G)™)DA(G)™ € A(G)] = [3(A(G)™)DA(G)™ € 3(A(G)™)] = [A(G) - A(G)™ € 3(A(G)™)].
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By Theorem 3.1 and [61, Theorem 2.2], we have 3(A(G)**)0A(G)*™* C A(G) <= A(G) - A(G)*™* C A(G).

Combining the above with Theorem 3.2 and Remark 3.3, we obtain the following result on Fourier algebras.

Corollary 3.13. Let G be a locally compact group and G = VN(G). Then (i) - (ix) in Theorem 3.1 and

(i) - (vi) in Theorem 3.2 are all equivalent, which are also equivalent to each of the following statements:

(i) G is discrete;
(if) 3(A(G)™)DA(G)™ C A(G);
(iif) 3(A(G)™)DA(G)™ € 3(A(G)™).

Let B(G) be the Fourier-Stieltjes algebra of G, let M A(G) be the multiplier algebra of A(G), and let
M A(G) be the completely bounded multiplier algebra of A(G). Then we have

A(G) C By(G) C B(G) € M4A(G) € MA(G) € B(VN(G)).

As pointed out earlier, the quantum group G = VN(G) satisfies Condition (x) defined in (3.7). It
is known from [45, Theorem 1] that G is amenable if and only if B(G) = MA(G). Also, we have
MA(G) C MA(G)° N MA(G)°c. Therefore, we obtain the corollary below from Theorems 3.7 and 3.11,
and Proposition 3.9 and Corollary 3.13.

Corollary 3.14. Let G be a locally compact group. Then Proposition 3.9 holds for G = VN(G) with
RM(L1(G)) replaced by any of BA(G), B(G), MpA(G), MA(G), and 3(UCB(§)*).

Furthermore, we have

:
I
3
2
Q
a.
S
S
IS
<
=
3
ISH
2
2
a.
2
5

Example 3.15. Let G = SU(3). Since A(G) is non SAI as mentioned above, by Theorem 3.11 and
Corollary 3.13, we obtain

B o) (VN(G)) & Ba)~(VN(G)) & Bae)(VN(G)).

On the other hand, we can see from Theorem 3.11 and its proof that
Bje)(VN(G))* = Ba)~(VN(G)) = Bac)(VN(G))® = AG)™.
Note that B(g)+-(VN(G)) is also a commutative Banach algebra, since Ba(g)--(VN(G)) = 3(A(G)™).

Remark 3.16. The canonical representation LUC(G)* — By, (g)(Lo(G)) in fact induces an injective
and completely contractive algebra homomorphism @ : LUC(G)* — CBp,)(Le(G)), m — my,
which is just the adjoint map of the completely contractive module product Lo (G)®L;(G) — LUC(G),
x® f— x* f (cf. [29, Section 6]). It is easy to see that the algebras B(L.(G)), RM(Li(G)), and
LM (L1(G)) can be replaced by CB(Loo(G)), RMcy(L1(G)), and LM (L1(G)), respectively, in the results
presented in this section, and each of these results (as well as those in Section 4) has its left-sided and

right-sided versions.



18 ZHIGUO HU, MATTHIAS NEUFANG, AND ZHONG-JIN RUAN

4. WEAKLY COMPACT MODULE MAPS OVER QUANTUM GROUPS

As mentioned in Section 3, for a general non-commutative and non-amenable locally compact quantum
group G, it is not clear whether WAP(G) has a left invariant mean, whose existence is thus assumed in
the proposition below. This proposition generalizes [36, Theorem 4] on L (G) with X = LUC(G) or
L+ (@), noticing that the map T there satisfies T'(1) = 1. The proof of [36, Theorem 4] is modified for

the present quantum group setting.

Proposition 4.1. Let G be a locally compact quantum group such that WAP(G) has a left invariant

mean. Then the following statements are equivalent:

(i) G is amenable;
(ii) there exists a unital, completely positive, and weakly compact map S € By, (c)(Loo(G));
(iii) there exists a weakly compact map S € Br, (c)(Loo(G)) such that 1 € S(Loo(G)).

Furthermore, if G is co-amenable, then (i) - (iii) are equivalent to
(iv) there exists a weakly compact map S € Br, )(LUC(G)) such that 1 € S(LUC(G)),
where By, c)(LUC(G)) is the space of bounded right L1(G)-module maps on LUC(G).

Proof. (i) = (ii). Suppose that m € Lo(G)* is a left invariant mean. We define S : Loo(G) — Lo (G)
by S(x) = (m,z)1. Then S € By, (g)(Loo(G)) is unital, completely positive, and weakly compact.

(ii) = (iil). This is trivial.

(iii) = (i). Suppose that S is a weakly compact operator in Bz, (¢)(Loo(G)) such that 1 € S(L(G)).
For x € Loo(G), since the set {S(z)x f: f € L1(G) and ||f|| <1} ={S(z* f): f € L1(G) and ||f| < 1}
is relatively weakly compact in L. (G), we have S(z) € WAP(G). Let 8 be a left invariant mean on
WAP(G) and let p(z) = {3, 5(x)) (x € Loo(G)). Then p is a left invariant bounded linear functional on
Loo(G), and p # 0 since 1 € S(Loo(G)). Thus Lo (G)* has a non-zero left invariant element. Therefore,
Lo (G) has a left invariant mean (cf. [53]); that is, the quantum group G is amenable.

The final assertion holds, since By, ()(Le(G)) = LUC(G)* = By, () (LUC(G)) canonically when G
is co-amenable (cf. [29, Proposition 6.5 and Remark 6.7]). O

Let RM™°(L1(G)) be the Banach algebra of weakly compact right multipliers of L1 (G) and let B*¢(L(G))
be the Banach algebra of weakly compact maps in B(Loo(G)). Then

(A1) RMY(L1(6) = B, ) (Lo(©)) N B*(Loc(@)) via RM(Ly(G)) = B(Loo(G)).
The theorem below generalizes and unifies [1, Theorem 4] on L1 (G) and [37, Proposition 6.11] on A(G).
Theorem 4.2. Let G be a locally compact quantum group. Then
G is compact <= L1(G) C RM™(L1(G)) canonically.
Furthermore, we have L1(G) =2 RM™(L1(G)) canonically if G is compact and co-amenable.

Proof. Let f — 7 be the canonical embedding L1 (G) — RM (L1 (G)) given by 7;(g) = g* f. According
to Theorem 3.1, G is compact if and ounly if L1 (G) x L1(G)** C L1(G), which is true if and only if the
map ry : L1(G) — L1(G) is weakly compact for all f € Li(G) (cf. [50, Proposition 1.4.13]). Therefore,

the equivalence holds.
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Suppose now that G is compact and co-amenable. Let p € RM™¢(L1(G)) and let (eq) be a bounded
approximate identity of Li(G) such that u(e,) — fo € L1(G) weakly. Then p(f) = limy pu(f *xeq) =
limg f* p(eq) = fx fo =1y (f) for all f € L(G); that is, p=1rs, € L1(G). O

The converse of the second assertion in Theorem 4.2 holds in the two classical cases.
Corollary 4.3. Let G be a commutative or co-commutative locally compact quantum group. Then
G is compact and co-amenable <= L1(G) = RM"(L1(G)) canonically.

Proof. By Theorem 4.2, we need only show “<=", which is obvious if G is commutative. Suppose that G
is co-commutative and L;(G) & RM™¢(L1(G)) canonically. Then the embedding L, (G) — RM(L1(G)),

f +— 7y is bounded from below. It follows from [45, Theorem 1] that G is co-amenable. O

Remark 4.4. It is interesting to know whether we have RM"(L1(G)) # {0} <= G is compact. This is
true for Ly (G) and A(G) (cf. [57, Theorem 1] and [37, Proposition 6.9]).

For z € Loo(G), let zo(f) = xx f (f € L1(G)). Then xy € Br, (6)(L1(G), Loo(G)), the space of bounded
right L;(G)-module maps from L;(G) to Lo (G). In fact, we have xy = I'(xz) under the identification
CB(L1(G), Loo(G)) 2 Lo (G)®Loo (G). Therefore, the map

(4.2) Loe(G) — OBy, (¢)(L1(G), Lo(G)), w—
is completely isometric, and we obtain
(4.3) WAP(G) = {z € Loo(G) : x4 € C’B’L”f(G)(Ll((G),LOO(G))},

where OB}’ ) (L1(G), L (G)) is the space of weakly compact maps in CBp,c)(L1(G), Lo (G)). We

show in Section 5 that the space WAP(G) always contains a canonical copy of C\,(G)* (cf. Proposition
2.3 and the paragraph before it).

Remark 4.5. It is also interesting to compare Corollary 4.3 with the following characterization of Arens
regularity (cf. (4.4)). Suppose that G is co-amenable. Then L (G) = CBp,(¢)(L1(G), Loo(G)) =
Br,(6)(L1(G), Leo(G)) and WAP(G) = CBYY ) (L1(G), Lo (G)) = By ) (L1(G), Loc (G)), since we have
T =T*(E) for all T € By, (6)(L1(G), Loo(G)), where E is a right identity of (L;(G)**,0). Therefore,

we have
(4.4) L, (G) is Arens regular < BLI(G)(Ll(G), L (G)) = B}ff(G) (L1(G), Lo (G)).

Note that when G is co-amenable, the space B‘L”f(G)(Ll (G), Loo(G)) consists precisely of all maps in
Br,)(L1(G), Lo (G)) factoring through reflexive Banach spaces, which is also equal to the space of all
maps in OB, g)(L1(G), Lo (G)) factoring through reflexive operator spaces. This fact can be derived by
combining [8, Proposition 3.13] with [9, Corollary 1] and its cb-version [51, Theorem 2.1]. It is also seen
from [10, Theorem 4.4] that these weakly compact right L (G)-module maps from L;(G) to Lo (G) can

factor through reflexive completely contractive Lq(G)-bimodules.
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5. AN EBERLEIN THEOREM OVER QUANTUM GROUPS

A theorem by Eberlein (cf. [13, Theorem 11.2] and [5, Corollary 3.3]) shows that if G is a locally

compact group, then every positive definite function on G is weakly almost periodic. Therefore, we have
B(G) € WAP(G).

As shown by Dunkl and Ramirez [12, Theorem 2.8 and Chapter 8], the dual version of this classical

Eberlein theorem holds; that is, the left regular representation of G defines a homomorphic embedding

~

M(G) — V N(QG) with range contained in WAP(G).

In the setting of locally compact quantum groups, these two results can be unified and stated as follows:

If G is a commutative or co-commutative locally compact quantum group, then the left reqular

representation A : M(G) — Loo(G) of G extends to an injective homomorphism

At Mu(G) — Loo(G)
with S\U(Mu((/ér)) C WAP(G) (see below for the definition of the algebra Mu(@))
We show in this section that the above assertion in fact holds for all locally compact quantum groups. In
this way, by (4.2) and (4.3), we obtain canonically a completely isometric embedding
(5.1) M,(@) C OBy (Li(G), Lo ().
To be consistent with the notation used in [33], the C*-algebra C(G) will be denoted by A. Let
A, = C(G)

be the universal quantum group C*-algebra of G, and let m : A, — A be the canonical surjective *-
homomorphism, whose unique *-homomorphic extension M(A,) — M(A) is also denoted by 7. For
the dual quantum group G of G, they are denoted by 2, A\W and 7, respectively. It is known from
33] that there exist unitaries U € M(A, ® A,) and V € M(A, ® A), and co-associative non-degenerate
s-homomorphisms A, : A, — M(A, ® A,) and Ay Ay — M(Eu ® gu) such that

(5.2) CRBDU) =V, (Ay@)U) =Usls, and (0@ AL)U) =Uislhs .

*

Then (A,)* is a Banach algebra with the multiplication *, induced by A,, and 7* : A* — (A,)* is an

isometric algebra homomorphism. See [33] for more information on (A, A,).

Using the unitary U/, we define the maps
(5:3) @t (A) — M(A), p— (po @) and W, : (A,)" — M(AL), ji— (® B)U).
Let
Ay = oDy (A,) — M(A).
Due to the first equality in (5.2), we see that the map A, is given by the formula

(5.4) Mt (Ay) — M(A), pr— (p@ (V).

Proposition 5.1. The following statements hold.

~ ~

(i) @y : (Ay)* — M(Ay) and U, : (Ay)* — M(A,) are homomorphisms satisfying

(@u(u), ) = (W) (1€ (Au)", i € (AL)"),
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(i) Ay : (Ay)* —> M(A) is an injective homomorphism, and A, extends the left reqular representation
A A — M(A\) of G in the sense that A, o 7" = A.
(i) (Va0 (£))(La(©)) C Au.
Proof. (i) The maps ®,, and ¥,, are homomorphisms due to (5.2), and the equality (®, (u), 1) = (u, Vo (1))
follows from the definition of &, and ¥,,.

(ii) Clearly, A, = 70 @, : (Ay)* — M(A) is a homomorphism. Also, the map A, is injective by (5.4)
and [33, (5.2)], which asserts that

(5:5) A, = spanl (@ f)V): f e Li(G)}.

Finally, we have A, o m* = A, since (7 ® ¢)(V) = W (cf. [33, Proposition 5.1]).
(iii) Let f e Ll(@). Then, by (5.5) and the first equality in (5.2), we have

VL ((®)(H) = o @ (U = o e n)U) = (o V) € A

Therefore, the inclusion (¥, o (7)*)(L1(G)) C A, holds. O

Note that L;(G) is an ideal in A*, and 7*(A*) is an ideal in (A,)* (cf. [33, Proposition 8.3]). Since
L1(G) = (L1(G) x L1(G)), it follows immediately that

(5.6) 7" (L1(G)) is a two-sided ideal in (A4,)".

Note that A(L;(G)) is norm dense in A. Together with (5.4) - (5.6), we can obtain some further properties

of the map A, as given in the proposition below.

Proposition 5.2. The following statements hold.
(i) Ao (A — M(//l\) is the unique homomorphic extension of A : A* — M(/T)
(i) Ay (Aw)* — Loo(G) is w*-w* continuous.
(iil) Ay : (Ay)* — M (A) is strictly continuous on bounded subsets of (A,)*. Thatis, ifw € (Ay)* and
(w;) is a bounded net in (A,)* such that w;x, 7 (f) — wr, 7*(f) and 7 (f) *y w; — 7*(f) %y w

-~

for all f € L1(G), then A\y(w;) — Ay (w) strictly in M(A).
Remark 5.3. It follows from (5.6) that there exists a canonical algebra homomorphism
(5.7) (Au)" — M (Li(G)).

On the other hand, as observed in [29, Section 3|, using the representation theorem established in [32]

and the relation between A\ and p, we can obtain an algebra embedding

-~

(5.8) Mey(L1(G)) — M(A).

In fact, the M’ -version of [32, Corollary 4.4] shows that each u € LM (L1(G)) is determined uniquely
by an element b of L, (@) satisfying A(u(f)) = bA(f) (f € L1(G)), and hence we have

b Co(G) C Cy(B).

Through a Hilbert C*-module approach, Daws proved recently in [11, Theorem 4.2] that b € M (Co(G)).

-~

It is seen from Propositions 5.1(ii) and 5.2(i) that A, : (4,)* — M (A) is exactly the composition of the
two maps in (5.7) and (5.8), and thus the homomorphism in (5.7) is also injective.

Remark 5.4. Note that Ll(@) = CO(@) : Ll(@), where - denotes the canonical C’o(@)—bimodule action

~

on L1 (G) (cf. [29, Proposition 2.1]). By (5.5) and Proposition 5.2(iii), we obtain that
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if w; — w strictly on a bounded subset of (A,)*, then w; — w in the w*-topology on (A,)*.

It is interesting to know whether the converse holds on the unit sphere of (A,)*, which is the case when

G is commutative or co-commutative (cf. [49] and [22]).

Due to Proposition 5.1(iii), we can define the contraction

(5.9) Y L(G) — Ay, fr— U ((R)(F) = o V).

Then the lemma below holds by Proposition 5.1(i) and the definition of the maps A, and ~,.

Lemma 5.5. For all u € (A,)* and f € L1(G), we have

(5.10) (@ = M- val(f)  and  fixa(pw) = Mu(vul(f) - 1),

where * and - denote the canonical module actions of Li(G) on LOO(@) and A, on (A,)*, respectively.

Let
(5.11) My (G) = ((Au)" *u)

be the universal quantum measure algebra of G. Following a similar argument as used in the proof of
Proposition 2.3 (comparing (5.10) with (2.12)), we show below that A, maps M, (G) into WAP(G). The
following theorem unifies the corresponding results in [13, 12] for Lo (G) and VN(G), and our approach

is new even for these two classical cases.

Theorem 5.6. Let G be a locally compact quantum group and let C,,(G) be the universal quantum group

C*-algebra of G. Then the injective complete contraction

~ ~

Ay 0 My(G) — M(Co(G)) € Loo(G), pr— (p@1)(V)

~

is the unique homomorphic extension of the left reqular representation A : M(G) — M(Cy(G)) of G, and

we have

(5.12) M(My(G)) € WAP(G).

Proof. We only need to show the inclusion A, (M, (G)) € WAP(G). Let p € M,(G). If (f;) is a net in
Ll(@) such that v, (f;) — m € M,(G)* in the w*-topology of M, (G)*, then p - vy (fi) — u-m weakly
in M, (G), since M, (G)* is a von Neumann algebra and thus p-m € M, (G)** is actually in M, (G). Note
that the map 7, is contractive. It follows that the set {x- v (f) : f € L1(G) and || f|| < 1} is relatively
weakly compact in M, (G). By Lemma 5.5, we obtain that the set {\,(u)*f : f € L1(G) and || f|| < 1} is

~

relatively weakly compact in Lo (G). Therefore, A, (1) € WAP(G). O

Remark 5.7. Clearly, when G is co-amenable, the embedding M, (L1 (G)) — M(Co(G)) in (5.8) has a

range in WAP(G) (cf. Proposition 2.3). This is also the case when G is co-commutative (cf. [64]). It is

interesting to know whether this is true for all locally compact quantum groups G.

Replacing G in Theorem 5.6 by @, we can define the quantum Eberlein algebra of G by
— =l
(5.13) E(G) = \(M,(G)) C WAP(G).
See, for example, [6, 7, 48] for information on the classical Eberlein algebra F(G) of a locally compact
group G. The proposition below is clear by Theorem 5.6 and Proposition 2.1, noticing that it is still open
whether the inclusion WAP(G) C M(Cy(G)) always holds (cf. Remark 3.5(ii)).
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Proposition 5.8. Let G be a locally compact quantum group. Then the quantum FEberlein algebra E(G)
of G is an M(G)-submodule of Lo (G) and is two-sided introverted in Lo (G) satisfying

Co(G) C E(G) C WAP(G) N M(Co(G)).

Therefore, the space E(G)* is a dual Banach algebra (with the identical Arens products), and each of

Proposition 2.1, Corollary 2.5, and the statement in (2.13) holds for X = E(G).
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