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ABSTRACT. We develop a Hilbert module version of Haagerup property for general
C*-algebras A C B. We show that if « : I' ~ A is an action of a countable
discrete group I' acting on a unital C*-algebra A, then the reduced C*-algebra crossed
product I' X, A has the Hilbert .A-module Haagerup property if and only if the
action a has the Haagerup property. We are particularly interested in the case when
A = C(X) is a unital commutative C*-algebra. We compare the Haagerup property
of such an action a : I' ~ C(X) with the two special cases when (1) T' has the
Haagerup property and (2) I' is coarsely embeddable into a Hilbert space. We also
prove a contractive Schur mutiplier characterization for groups coarsely embeddable
into a Hilbert space, and a uniformly bounded Schur multiplier characterization for

exact groups.

1. INTRODUCTION

Let ' be a countable discrete group. We say that I' has the Haagerup property if there
exists a sequence of positive definite functions {¢, } in Co(T', C) such that {¢,, } converges
to the constant function 1 pointwisely on I'. This definition is motivated by the work
of Haagerup [10] where he proved that free groups have such a property. The Haagerup
property has been intensively studied in the literature. It forms a very interesting class
of groups, including amenable groups, Coxeter groups, and groups acting properly on
trees or on spaces with walls. It is also known that the Haagerup property is equivalent
to several other important properties, such as the a-T-menability introduced by Gromov
[8]. On the other hand, the Haagerup property is a strong negation of property (T),
or relative property (T). Therefore, SL(3,7Z), Sp(1,n), and SL(2,Z) x Z* do not have
the Haagerup property. The readers are referred to the recent books [2] and [3] for a

comprehensive account on this subject.
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Suppose that M is a finite von Neumann algebra equipped with a normal faithful
tracial state 7. We say that M has the Haagerup property if there exists a sequence
of normal completely positive maps {®,} on M such that (0) 7o ®,, < 7, (1) each D,
defines a compact operator ®,, on Lo(M, 1), and (2) || ®,(z) — z ||,— 0 for all z € M.
We note that condition (0) in the definition guarantees that each ®,, defines a bounded
linear map ®,, on the Hilbert space Ly(M,7) and the definition is actually independent
from the choice of the tracial state on M (see Jolissaint [15]). If T" is a countable discrete
group, it was shown by Choda [4] that T" has the Haagerup property if and only if its
group von Neumann algebra L(I') has the von Neumann algebra Haagerup property.

The Haagerup property for untial C*-algebras admitting a faithful tracial state has
been studied recently by the first author [6]. Applying a similar technique used in Choda
[4], he showed that a countable discrete group I" has the Haagerup property if and only
if the reduced group C*-algebra C3(I") has the C*-algebra Haagerup property. The goal
of this paper is to develop a Hilbert module version of Haagerup property for general
C*-algebras and study the corresponding Haagerup property for actions of groups on
unital C*-algebras.

Let A C B be unital C*-algebras and let £ : B — A be a (not necessarily tracial)
faithful conditional expectation. Then £ induces a right Hilbert .A-module structure on 5
and we can define the Hilbert A-module Haagerup property for B with respect to £. We
are interested in the case when B =T K, , A is the reduced C*-algebra crossed product
of an action a : I' ~ A on a unital C*-algebra A. In this case, we can regard A as a
C*-subalgebra of I" X, , A and there exists a canonical faithful conditional expectation
€ from I' x4, A onto A. We recall these definitions in Section 2. Section 3 is devoted
to the study of bounded A-bimodule multiplier maps ® on I' x, , A and the associated
multipliers h : I' — A which satisfy ®(\;) = Ashs for all s € T. We show in Theorem
3.6 that an action « : I' ~ A has the Haagerup property if and only if the C*-algebra
crossed product I' X, A has the Hilbert .A-module Haagerup property.

It is important to note that if A : ' — A is a bounded multiplier of an action
a : T~ A, then the range of h must be contained in the center Z(A) of A. Since the
restriction of a to Z(A) defines a *-automorphism on Z(.A) for each s € I', this induces
an action a4 on the center Z(A). Therefore, the action o : T' ~ A has the Haagerup
property if and only if the induced action a4 : T' ~ Z(A) has the Haagerup property.

We focus on the actions of countable discrete groups on unital commutative C*-
algebras A = C(X) in Section 4. In this case, each action a : I' ~ C(X) is uniquely
associated with an action a : I' ~ X on the corresponding compact Hausdorff space

X. It turns out that the action o : I' ~ C(X) has the Haagerup property if and only



A HILBERT MODULE APPROACH TO THE HAAGERUP PROPERTY 3

if the left transformation groupoid I' x X associated with the action oo : I' ~ X has
the Haagerup property (see Proposition 4.1 and the proof of [9, Theorem 4.1]). We
investigate the trivial action as of T on C({oc}) = C, and the induced left translation
actions a® and @ of I on C(T'U {o0}) = ¢(T") and C(OT") = £ (T"), respectively. As we
have seen from [6] that the trivial action ae : I' ~ C({o0}) has the Haagerup property
if and only if the group I' has the Haagerup property. We show in Theorem 4.5 that this
is equivalent to the action a® : I' ~ C(I' U {oo}) having the Haagerup property. On
the other hand, we see in Theorem 4.2 that the action & : I' ~ C'(0T") has the Haagerup
property if and only if the group I' is coarsely embeddable into a Hilbert space in the
sense of Gromov [8].

In Section 5, we consider A = £ (T") and identify I" X4, £oo (I') with the uniform Roe
algebra C3(I"), which is the unital C*-subalgebra of B(¢3(I")) spanned by all finite sums
Yoo Asfs with fg € £oo(T"). We first show in Proposition 5.1 and Proposition 5.2 that there
is a one-to-one correspondence between (completely) bounded £, (T")-bimodule maps and
completely bounded and normal ¢, (T")-bimodule multiplier maps on C}(I'). We then
prove a contractive Schur multiplier characterization for coarse embedding property in
Theorem 5.3. We end the paper by discussing a uniformly bounded Schur multiplier
characterization for exact groups in Section 6.

Finally, we remark that it is natural to ask whether we can develop a von Neumann
algebra version of Hilbert module Haagerup property. In this case, we would like to
consider a normal von Neumann algebra dynamical system (M, T, ) and consider the
von Neumann algebra crossed product M xZ I'. If ® is a normal bounded M-bimodule
multiplier map on M xZI" and h : I' — M is the corresponding M-valued multiplier such
that ®(A\s) = Ashs for all s € T'. We can conclude from Proposition 3.3 that ® induces a
bounded M-module map ® on the right (self-dual) Hilbert M-module My ; (M), which
is the weak* closure of Mr ; ®™M" M. We can see from the proof of Proposition 3.4
that if h € Co(I', M), then the induced map ® is compact on M ;(M). However, the
converse is not necessarily true for general von Neumann algebra. The difficulty is that
in this case, we may not be able to approximate each compact map ® on My ;(M) by
finite-rank maps having the form T' = > 0x_4..2b,- For instance, this may fail for
some rank-one map on the right Hilbert 2;6 (FZ)—module Mz,1(o(Z)). Therefore, we can
not obtain the corresponding equivalent statements in Proposition 3.4, Proposition 3.5
and Theorem 3.6 in the von Neumann algebra setting, unless the von Neumann algebra

is finite dimensional.
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2. HILBERT A-MODULE AND C*-ALGEBRA CROSSED PRODUCT

Suppose that A is a unital C*-subalgebra of a unital C*-algebra B and suppose that
£ is a faithful conditional expectation from B onto A. Then £ is a unital completely

positive A-bimodule map on 5. We can define an A-valued inner product

(2.1) (zly)e = E(x™y)

and a new norm |z|¢ = ||(z|z)e||z on B. We adopt the physics notation in (2.1) by
considering the conjugate linearity in the 1st component and the linearity in the 2nd.
This induces a right pre-Hilbert A-module structure on B (see Lance [20]). We let H 4
denote the Hilbert .4-module completion of .

If ® is a bounded A-bimodule map on B such that

(2.2) E(®(2) B(z)) < kE(a")

for some k > 0, then ® determines a bounded right Hilbert A-module map ® on B (and

thus on H 4) since
|2 (@)l = €@ () @(@)|* < k= [E(" )] = k2 x|
If ® is completely positive on B, then we only need to consider the condition
(2.3) Eod <EkE
for some k > 0 since in this case, we can conclude from the Schwarz inequality
0 < O(x) P(x) < ||P||P(x*x)
that
(2.4) E(D(z)"0(z)) < [|P[E(R(x"x)) < k[|P]|E(27)

for all x € B.

Let € and n € H4. We can define a rank-one map 6¢, on H 4 by letting

Oc.n () = &(nla)e.

A finite-rank map on H 4 has the form T = Z O¢,.n, for some &;,1m; € Ha. It is clear
that these are bounded A-module maps. We say that a bounded A-module map 7' on
H 4 is compact if it is the norm limit of a sequence of finite-rank maps on H 4.

We say that a C*-algebra B has the Hilbert A-module Haagerup property with respect
to & if there exists a sequence of completely positive A-bimodule maps {®,} on B such
that (0) €0 ®, <&, (1) each ®,, defines a compact A-module map ®,, on H4, and (2)
| ®n(z) — 2z ||[g¢— O for all 2 € B (and thus for all € Hy). If 7 is a faithful state

on B, we can obtain a faithful conditional expectation £ = 71 from B onto the unital



A HILBERT MODULE APPROACH TO THE HAAGERUP PROPERTY 5

C*-subalgebra A = C1. Then the C*-algebra B has the Haagerup property with respect
to 7 if and only if B has the Hilbert Cl-module Haagerup property with respect to &;.

Suppose that T' is a countable discrete group and we let A C B(H) be a unital C*-
algebra on a Hilbert space H. If a : I' ~ A is an action of T" on A, i.e. if we have a
group homomorphism « from I" into the group Aut(A) of *-automorphisms on 4, then

we can obtain a new representation of A on ¢2(I') ® H given by

m(a)(0s ® ) = 65 ® ag-1(a)(€)

for all £ € H and s € £o(T"). Let A : T' — B(¢2(T")) be the left reqular representation of
I on 45(T") defined by

(A1) = £(s711).
We can obtain a unitary representation A=A ®10f T on £5(T") ® H. This gives us a
covariant representation (m, \) of the C*-dynamical system (A,T, a) on ¢5(I') ® H since

it satisfies

(2.5) m(as(a)) = Asm(a)\s

for all a € A and s € T. Let C.(T', A) denote the space of functions f : I' — A with
compact (and thus finite) support on I'. Then we get a unital *-subalgebra

A x 7w(Co(T, A)) = {Z As7(as) : s € I with finitely many non-zero a, € A}
sel’

in B(¢2(T") ® H). If there is no confusion, we identify a € A with 7(a) € B(¢2(T") @ H)
and write A, for A,. In this case, we simply use C,(T',.A) for A x 7(C,(T,.A)), and we
can write elements in C¢(I', A) as x = > Asas. The reduced C*-algebra crossed product
I x4, A is defined to be the norm closseul;e of C.(T', A) in B(42(T") @ H).

It is known (see Brown and Ozawa’s book [2, Proposition 4.1.9]) that there exists a
faithful conditional expectation & from I' X, A onto A, which is defined by
(2.6) O Aay) = ac.

seT

This conditinal expectation £ satisfies the following equivariant condition
(2.7) as(E(x)) = E(AsxAg-1)

forall s € T and z € T x4 A (see [2, Remark 4.1.10]). In general, £ is not tracial unless
A is commutative and the action is trivial.

As we have seen in (2.1) that we can use £ to define a right pre-Hilbert .A-module
structure on the crossed product I' X, , A and the A-valued inner product is given by

(2.8) (@ly)e = €O aiXihb) = albs.

s,tel’ sel’
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forx = > Asas and y = > Aby in C.(T', A). With this expression, we can identify the
right Hif’ggrt A-module Htirwith the spatial tensor product Mr ;(C) ™™ A, where we
let Mp 1(C) denote the column Hilbert space £2(I"). We can also identify {As}ser, which
forms an orthonormal basis for H 4, with the canonical orthonormal basis {es ® 1}s¢r in

Mr1(C) @™ A,

3. MULTIPLIERS AND HAAGERUP PROPERTY FOR ACTIONS a: '~ A

Let T" be a countable discrete group and a : I' ~ A be an action of I on a unital
C*-algebra A. A map h: ' — A is a bounded multiplier with respect to the action « if
there exists a bounded A-bimodule map ® on the crossed product I' X, A such that
D(Ns) = Ash for all s € T. We call @ the bounded A-bimodule multiplier map associated
with h. In this case, h: T' — A is a bounded map with

[l = @A) < [| |-

We say that a multiplier h: ' — A is completely bounded (respectively, completely posi-
tive) if the associated A-bimodule multiplier map ® is completey bounded (respectively,
completely positive) on I" x4, A.

It is important to note that if A : I' — A is a bounded multiplier with respect to the

action o : I' ~ A, then we have

ag—1(a)hs = Ag1adshs = A -1 P(ads) = A\—1P(Nsa,-1(a))

As—1P(As)ag-1(a) = Ag—1(Ashs)ag-1(a) = hsa,—1(a)

for all a € A and s € G. Since a,-1 is a *-automorphism on A, we have a,-1(A) = A
and thus hs must be contained in the center Z(A) of A.

Now if h : I' — Z(A) C A is a completely positive multiplier with respect to the
action o : I' ~ A, there exists a completely positive A-bimodule multiplier map ® on

I X4, A such that ®(As) = Ashs for all s € T'. In this case, we have

A,

i

hs_—lsl = [(I)()\S—1sj)] >0 in M,(T Xa,r A)

Sj 8; S i

for all sy,---,s, € I'. If we let U denote the diagonal matrix with A,, at the (¢,%)-

position, then it is easy to see that

(31 los (b1, )l = Py hy-

. 1
S .
i J Si Sj

AS’;] = U[)‘s.’lsjhs.’lsj]U* >0 in M,(A).

i

Motivated by (3.1), we say that a map h : I' — Z(A) C A is positive definite with

respect to the action o : I' ~ A if for any sy, ,s, € I', we have

(3.2) o, (hy-1,)] > 0 in M, (A).

J
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We have seen from the above discussion that if h : I' — A is a completely positive
multiplier, then h is a positive definite map satisfying (3.2). We show in Theorem 3.2
that the converse is also true, i.e. every positive definite map h : I' — A with respect to
the action a : I' ~ A must be a completely positive multiplier and the natural map
(3.3) () Aeas) =) Ashsas

s€T seT
on C.(T', A) extends to a completely positive A-bimodule multiplier map on I' X, , A.
For this purpose, we first need to recall the following lemma about Z(.A)-valued Schur
product map. We include a brief proof for the convenience of readers. The readers are

referred to Paulsen’s book [22] and Pisier’s book [23] for scalar valued Schur products.

Lemma 3.1. Suppose that b = [b;;] is a positive matriz in M,(Z(A)). Then the A-

valued Schur product defines a completely positive map
Ty : lai;] — [aijbij]
from M, (A) into M, (A).

Proof. Since b > 0 in M, (Z(A)), there exists c € M,,(Z(A)) such that b = c*c. Suppose
AC B(H) and a = [a;;] > 0 in M,,(A) C B(H™). For any v1,--- ,v, € H, we have

D1 (vilaibigvg) = 370y ilas; (30— hich)vi) = 2ot 2oi jon (Cwivilagjcrjvg) = 0.

This shows that Ty(a) = [b;ja,;] > 0 in M,,(A). Therefore, T), is a positive map from
M, (A) into M, (A). The complete positivity of T} follows from a standard matricial

argument. O

Theorem 3.2. Let h : T — Z(A) C A be a positive definite map with respect to the
action o : T' ~ A. Then h is a completely positive multiplier with respect to o and the
natural map ® on C.(T', A) given in (3.3) extends to a completely positive A-bimodule

multiplier map on I' X4, A.

Proof. Suppose that h: I' — Z(A) is a positive definite map with respect to the action
a: T ~ A We want to show that the map ®(>° . Aaas) = >, Aahsas can be
extended to a completely positive map on I' x4 A.

According to [2, Corollary 4.16] (with a slight index modification since we consider
the left action of I" on A), an element > Asas € C.(T', A) is positive if and only if for
any si,---,5, € I', we have [ay, (asi_lsj )S]eg 0 in M, (A). Since the map h:I' — Z(A) is
positive definite, we have [a, (hs;lsj)] >0 in M, (Z(A)). This shows that

[asJ- (hsflsas*ls-)] = [asj' (hsflsj) Ty (as;lsj)] >0 in M,(A)

i J i J i
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by Lemma 3.1. Applying [2, Corollary 4.16] again, we see that the map ® given in (3.3) is
positive on C.(T', A). Passing to the matricial level, we see that the map ® is completely

positive on C,(T', A). Now assume | > Asas [|[< 1in C.(T', A) CT x4, A. Then we get
sel

1 Zser AsGg
(Dser Asas)” 1

in C.(T', M2(A)) € Ma(T' Xo,r A) =T Xq, Ma(A), and thus

>0

o 1 D ser Asls he > ser Ashsas
2 pr—

(D ser Asas)* 1 (D ser Ashsas)* he

From this, we can conclude that
[ (I)(Z Asas) [|=]] Z)‘shsas 1<l e || -
sel seT
Therefore, ® is bounded on C,(T',.A) and thus can be extended to a completely positive
A-bimodule map on I' X, , A. O

We note that if the action « : T' ~ A acts trivially on all hg, i.e. ai(hs) = hg for
all s,t € T', then h is positive definite with respect to the action « if and only if A is a

positive definite map in the usual sense, i.e.

s, ) = o, (hys, )] 2 0 in My, (A).

This is always the case when A = C since any action « acts trivially on C. Therefore,
Theorem 3.2 generalizes the well-known result that every positive definite function h :
I' — C is uniquely associated with a completely positive map ® on the C*-algerba
I X4, C = C5(T) such that ®(X\s) = Ashs. In the rest of this paper, we assume that
all multipliers h : I' — Z(A) C A under the consideration are related to some action
a: '~ A. To simplify our notation, we sometimes do not mention the action « if there
is no confusion.

Now we are ready to discuss the connection between (completely) bounded .A-bimodule
multiplier maps ® on I' X, , A and the corresponding induced Hilbert A-module maps

® on Hau.

Proposition 3.3. Let ® be a bounded A-bimodule multiplier map on I X, A. Then
for any x € C.(T', A), we have

E(®(x) D(x)) < [|@E (2" ).
If, in addition, ® is positive on I' X, A, we get

Eod < ||| &.
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Therefore, ® induces a bounded A-module map ® on H4 with ||®|¢ < ||®].

Proof. Since ® is a bounded A-bimodule multiplier map, we have ®(\s) = Ashs with
hs € Z(A) and ||hs]| < ||®| for all s € T'. Given any = = > Asas € C.(T', A), we have

sel’
E(@(x)'0(x) = £ aihid-ihha) =Y alhiE(\-1A)hay
s,tel s, tel’
= > aihiheas <97 alas = |0 E(ax).

sel sel’
Then ® defines a bounded Hilbert A-module map ® on H4 with |®|l¢ < ||®|. If ® is

completely positive, we have

Eo (D(:L'*I) = Z g(a:(p()‘s*lt)at) = Z E(a:)‘sflthsfltat)
s,tel s,tel
= Y atheas < ||®[|()atas) < || ®[E(x ).
sel’ sel

O

Let h : I' — A be a bounded multiplier. We say that h is vanishing at infinity, i.e.
h € Cy(T, A), if for arbitrary ¢ > 0, there exists a finite set F' C I' such that ||hs]| < €
for all s ¢ F.

Proposition 3.4. Let ® be a bounded A-bimodule multiplier map on I' X, A. Then
the corresponding bounded multiplier h : T' — A is vanishing at infinity if and only if the

induced map ® is compact on H.

Proof. Suppose that h € Cy(T',. A). Then for any k € N, there exists a finite subset
Fy, C T such that ||| < 1 for all ¢ ¢ Fy,. Consider the finite-rank map

Ty, = Z Oxihe

teF}
on Ha. For x = 3 Asas € C.(T', A), we have
sel’
Ti() =D Oxnerc (@) = D Aehe(Ne] Y Asas)e = > Mhuay.
teFy, teFy, sel’ teEF),
Since ®(z) = 3 Aihiay, we get
ter
X % 1% 1
(@ = Tx)(@) =] D_ Aehear E=l Y aphihear]| < o5 [l (1% -
t&Fy tZFy

This shows that @ is the norm limit of the finite-rank maps T} and thus is compact on
Ha.
On the other hand, let us suppose that P is compact on H 4. For any € > 0, there

n ~
exists a finite-rank map 7' = ) f¢, », on H 4 such that ||® — T'||¢ < . Now with an
i=1
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appropriate modification, we can replace &;,n; in ‘H 4 by é,ﬁi in C.(T', A). Therefore,
without loss of generality, we can assume that T has the form T = 3 0x,4..a,p, for

s,teF
some finite subset F C I'. For any r ¢ F', we have

T(AT‘) = Z aAsas,)\tbt(Ar) = Z )\Sasb:<)\t|>\r>£ = 0
s,teF s,teF

Since i)(/\r) = A\-h,., we get
el = NBhe |2 = [E@A)* RANNZ = 1B [le = @A) = T(A)[le < e
for any r ¢ F. This shows that h € Cy(T, A). O

Let by, : T' — A be a sequence of bounded multipliers. We say that {h,,} converges to

the constant function 1 pointwisely on I if we have ||k, s — 1|| — 0 for each s € T".

Proposition 3.5. Let {®,,} be a sequence of uniformly bounded A-bimodule multiplier
maps on I X4, A. Then the corresponding bounded multipliers {hy,} converge to the
constant function 1 pointwisely on T' if and only if the induced maps {@n} converge to

the identity map id in the point-norm topology on H 4.

Proof. Let us first suppose that h,, — 1 pointwisely on I'. Since there exists a positive
number k£ > 0 such that ||®,|¢ < ||®,] < k for all n € N, it sufficies to show that

@, () —z|lg — 0 for all z = 3 Asas € Co(T', A). For each 2 € C.(T, A), there exists a
sel
finite subset F' C T" such that we can write x = Y Asas. Let us fix such an element x
seF
and fix this finite subset F' C T'.

For every € > 0, there exists ng € N such that ||k, s —1|| < e for all s € F and n > nyg.
It follows that

||(i)n(17) - x||§ = | Z As(hn,s — l)asng = Z ag(hps = 1)(hn,s — as||

seF seF

e atas| = 2z

sEF

IN

This shows that ||®,,(z) — z||¢ — 0.
On the other hand, let us suppose that ||®,(z) — z||¢ — 0 for all € H4. Then for
each s € I', we have
[hn,s — 1”2 = [[(hn,s = 1)"(hn,s = 1)[| = ||(§n(/\5) - )‘SH?? — 0.
This shows that h,, — 1 pointwisely on I'. O

Let I" be a countable discrete group and a be an action of I" on a unital C*-algebra A.
We say that the action a : I' ~ A has the Haagerup property if there exists a sequence
of positive definite multipliers {h,} in Cy(T', A) such that h, — 1 pointwisely on T
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Theorem 3.6. Let I' be a countable discrete group and o be an action of I' on a unital

C*-algebra A. Then the following are equivalent:

(1) the action o : T'~ A has the Haagerup property,
(2) the reduced C*-algebra crossed productI'x o A has the Hilbert A-module Haagerup

property.

Proof. Suppose that the action « has the Haagerup property. Then there exists a
sequence of positive definite multipliers h,, : I' — Z(A) C A such that h, € Cy(T', A)
and ||hy,s — 1| — 0 for each s € T'. It follows from Theorem 3.2 that the corresponding
multiplier maps
,(D Asas) =D Ashnsas
sel sel

extend to completely positive .4-bimodule multiplier maps on I' X, A with norm
[Pnll = 1@n ()] = l[An.ell-

Since ®,,(1) = hy, e converges to 1 in A, the sequence {||®,(1)||} is bounded. Then {®,,}
is a sequence of uniformly bounded and completely positive A-bimodule multiplier maps
onI' x, , A. It follows from Proposition 3.4 and Proposition 3.5 that the induced maps
®,, are compact and converge to the identity map ¢d in the point-norm topology on H 4.
This shows that I' X, A has the Hilbert A-module Haagerup property.

On the other hand, suppose that I" x4, A has the Hilbert .A-module Haagerup prop-
erty. Then there exists a sequence of completely positive A-bimodule maps ®, onI'x, A
such that (0) Eo®,, < &, (1) each induced map ®,, is compact on H 4 and (2) the sequence
of maps {@n} converges to the indentity map id on H 4 in the point-norm topology. In

general, these maps @, need not be multiplier maps on I' X, A. We need to use

Haagerup’s trick (see [13]) to obtain a sequence of maps
B s €T = hy o = EANID,(N)) = (NP (Ns))e € A
Since £ and ®,, are A-bimodule maps, we can apply (2.5) to get

hnsa = ENP,(Asa)) = END,(as(a)As))
= ENlas(a)Pn(As)) = aE (AP, (As)) = ahy, s
for all @ € A and s € T. This shows that h, : ' — Z(A) for all n € N. Next we

show that each h,, : I' — Z(A) is a positive definite map and thus is a positive definite
multiplier by Theorem 3.2. Indeed, for any sy, -, 8, € I, it follows from (2.7) that we
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have

s, (EN 1, Ba(Ayr,)]

as]‘(h’n,si_ls])} = [
[w A, n<As—13v)Asﬂ>}
[

S
sy i Si’08;

EO, B j)ASfl)} > 0 in M, (A).

Then conditions (0), (1), and (2) for {®,} imply that {h,} is a sequence of positive
definite multipliers in Cy(T', A) such that ||h, s — 1|] — 0 for each s € I". Therefore, the

action o : I' ~ A has the Haagerup property. O

We note that if A = C, then the natural conditional expectation & from C}(T') =
I' x4, C onto C is just the canonical tracial state 7 on C5(I"). Therefore, the trivial
action a : I' »~ C has the Haagerup property, i.e. the group I' has the Haagerup property,
if and only if the group C*-algebra C(T") has the Hilbert C-module Haagerup property,
ie. C§(T') has the Haagerup property. So Theorem 3.6 is a natural Hilbert module
generalization of [6, Theorem 2.6].

It is known that the Haggerup property is a strong negation of property (T). We can
consider the corresponding A-valued property (T). We say that an action « : I' ~ A has
the property (T) if whenever h,, : T' — A is a sequence of completely positive multipliers

converging to the constant function 1 pointwisely on I', then h,, — 1 uniformly on T'.

Proposition 3.7. If an action o of a countable discrete group T’ on a unital C*-algebra

A has both Haagerup property and property (T), then T' must be a finite group.

Proof. If the action a : I' ~ A has the Haagerup property, there exists a sequence of
completely positive multipliers h,, : I' — A such that h,, — 1 pointwisely on I". Then
property (T) implies that h, — 1 uniformly on I'. Therefore, the induced compact maps

®,, converge to the identity map id in the operator norm on H 4 and thus id is compact

on Hy. Since Hyq = Mr 1 ®™™ A, we can conclude that
K(Ha) = K(4(T)) @™ A

(see Lance [20]). Then the compactness of id implies that I has to be a finite group. O

4. COMMUTATIVE CASE

In this section, we consider the actions a : I' ~ C(X) of countable discrete groups
I’ on unital commutative C*-algebras A = C(X). It is well-known that each action

a: T~ C(X) uniquely corresponds to a left action

(4.1) a:(s,x) eT'xX -s4xeX
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on the compact Hausdorff space X such that

(4.2) as(f)@) = f(s™ 0 2).

We can also obtain a left transformation groupoid
G=TxX={(s,z):seT,z e X},

with the unit space G(*) = {(e, ) : # € X} and the source and range maps s,t : G — G(©)
given by
s(s,z) = (e,x) and t(s,z) = (e, s - x).

The multiplication on the groupoid G is given by « - 8 = (st,y) for elements o = (s, )
and @ = (t,y) satistying s(a) = v(0), i.e. x =t-y. It is known that we can isometrically
*-isomorphically identify the reduced C*-algebra crossed product I' x, , C(X) with the
reduced groupoid C*-algebra C*(G).

Each bounded map h : I' — C(X) uniquely corresponds to a bounded function h
G — C on the groupoid G such that

(4.3) h(s,z) = hg(x).

It is easy to see that h € C.(T',C(X)) (respectively, h € Cy(T',C(X))) if and only
if h € C.(G) (respectively, h € Co(@)). Moreover, the map h is a positive definite
multiplier if and only if & is a positive definite function on the groupoid G since for any

-1
%

;= (s;,z) € G, we have a; ' = (s4,5; ' - ) and thus

B

[ﬁ(ai -a;l)} = [ﬁ(sflsj,sfl cx)| = [asj(hs;lsj)(x)] >0 in M, (C).

?

We refer the readers to Tu [24] for the definition of positive definite functions on groupoids.
We note that the index in our definition of positive definite functons on the left transla-
tion groupoid G is slightly different from that given in [2] and [9], where they considered
the right transformation groupoid. Summarize the above disucssion, we can obtain the

following proposition.

Proposition 4.1. An action o : I’ ~ C(X) has the Haagerup property if and only if the
corresponding left transformation groupoid I' X X has the Haagerup property, i.e. there
ezists a sequence of positive definite approximate unit h, € Co(T x X).

In this case, we also say that the action o on the compact I'-space X has the Haagerup

property.

Let {oo} be a single-point topological space. As we have remarked at the end of
Section 3 that if s is the trivial action of I" on C'({o0}) = C, then as : I' ~ C({o0})

has the Haagerup property if and only if the group I' has the Haagerup property.
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Now let us consider the induced left translation action & on the Stone-Céch compact-
ification OI'. It is known that GI' is a compact Hausdorff space which contains I' as an
open dense subspace and has the universal property that any (continuous) map f from
I into a compact Hausdorff space X has a unique (continuous) extension f:pr - X.

In this case each left translation
as:tel’ —-stel COI0

extends uniquely to a left translation &g : fI" — GI'. This gives us an action & on
OT. For this action, we can obtain the following result, which is a consequence of [9,
Theorem 2.3 and Theorem 4.2] and Theorem 3.6 of this paper. We outline the proof for

the convenience of the reader.

Theorem 4.2. Let I' be a countable discrete group. Then there exists a locally finite
metric d on I such that the following are equivalent:

(1) T is coarsely embeddable into a Hilbert space;

(2) the action & : T~ C(BT) has the Haagerup property;

(3) T' x4, C(BT) has the Hilbert C(BI')-module Haagerup property.

Proof. Let us first recall from Brown and Ozawa [2, Proposition 5.5.2] that if T' is a

countable discrete group, then there exists an increasing sequence
le}=E0 CELCE,C- B, C e

of finite symmetric subsets E,, of I' such that £, E,, C E,,, and I' = UJ2(E,,. We can

define a right invariant metric on I" by letting
(4.4) d(s,t) = min{n:st™* € E,}.

According to this definition, we have d(s,t) < n if and only if st~! € E,,. Therefore,
s € I' is contained in the closed ball B(t,n) if and only if st~! € E,, or equivalently,
s € E,t. From this we can see that the metric space (I',d) is discrete and locally finite,
i.e. every closed ball is a finite subset of T.

It is known from [9, Theorem 2.3 and Theorem 4.2] that a locally finite metric space
(T, d) is coarsely embeddable into a Hilbert space, i.e. there exist a function f: ' — H
and two non-decreasing positive functions p_ and p4 on [0, 00) such that rli{rolo p—(r) =00
and

p—(d(s.1)) < | £(5) = FOI < po (d(s,1))
for all s,¢ € ', if and only if the left transformation groupoid I" x SI' has the Haagerup
property. By Proposition 4.1, this is equivalent to the action & : I' ~ C(6I') having the
Haagerup property . This proves (1) < (2).
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The equivalence (2) < (3) follows from Theorem 3.6. O

In the following, we discuss the connections of these two special actions with actions

on other compact spaces.

Theorem 4.3. Suppose that the action o : T' ~ C(X) has the Haagerup property and
suppose that B : T~ C(Y) is another action. If we have a continuous map 7:Y — X

which is equivariant in the sense that
asoT =Tofs
for all s € T, then the action B :T ~ C(Y) must have the Haagerup property.

Proof. Suppose that {h,} is a sequence of positive definite multipliers contained in

Co(T', C(X)) such that ||hy,s — 1||c(x) — 0 for all s € I'. It is easy to show that
kpn:sel mkys=hpsoTeCY)

is a sequence of bounded maps in Co(I', C(Y"))) such that ||k,,s — 1]|c(y) — 0. We only
need to show that k,, are all positive definite with respect to the action (3. This follows

from the fact that for any s1,---,s,, € I' and y € Y, we have

[Bs, (k=1 )W) = [k o1y, (570 s )] = [y, o1y, (T(57 5 )]

= [hn s7ts; (33_1 o T(y))] = [O‘Sj (hn,si*lsj)(T(y))] >0in MM(C)'
This shows that the action 3 has the Haagerup property. O

As a consequence of Theorem 4.3, we can obtain the following proposition.

Proposition 4.4. Let 3: T ~ C(X) be an arbitrary action of T' on a unital commutative
C*-algebra C(X).

(1) If T has the Haagerup property, then so is the action §:T' ~ C(X).

(2) If B: T ~ C(X) has the Haagerup property, then so is the action & : T ~ C(BT).

In this case, the group I' is coarsely embeddable into a Hilbert space.

Proof. To prove (1), we can consider the constant map f: X — {oo}. It is clear that f
is a continuous map such that f o = as o f. Therefore, we can obtain (1) by Theorem
4.3.

To prove (2), let us fix a point zo € X and consider the continuous map
fisel' =s-gx9€ X.

We can obtain a unique continuous extension f : BI" — X by the universal property of

BL. Given any t € I', we have

Foas(t) = f(st) = f(st) = (st) 50 = 55 (t -5 20) = Bs(t 5 x0) = Bs 0 f(1).
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This shows that f oag and f4 0 f are equal on I'. Since I' is dense on SI' and the two
maps are continuous on SBI', they must be equal. This shows that f is an equivariant
continuous map from GI' into X. Therefore, we can conclude from Theorem 4.3 that the
action @ : I' ~ C(fT') has the Haagerup property. It follows from Theorem 4.2 that the
group I' is coarsely embeddable into a Hilbert space. O

Now we wonder what we can say about the Haagerup property related to some other
compact topological spaces. One possible candidate is the one-point compactification
I'U{oo} of . It is clear that the left translation action as(t) = st on I' extends to
an action a®to I' U {oo}, which satisfies a2°(c0) = oo for all s € T'. In this case,
C(T' U {oo}) = ¢(T) is the space of all convergent sequences on I'. As a consequence of

Theorem 4.3, we can obtain the following result.

Theorem 4.5. A countable discrete group I' has the Haagerup property if and only if
the induced action o> : T ~ C(T'U {oc}) has the Haagerup property.

Proof. 1t is known from Proposition 4.4 that if I' has the Haagerup property, then the
induced action a® : T' ~ C(T" U {oo}) has the Haagerup property.

On the other hand, let us consider the (continuous) map g : oo € {oo} — 0o € T'U{oo}.
It is easy to see that g satiafies the equivariant condition goas, = a® og with respect to
the trivial action as on the one-point set {oco} and the induced action a® on I' U {co}.
Therefore, if the induced action a® : T' ~ C(I'U{co}) has the Haagerup property, then
I" has the Haagerup property. O

Next let us consider the Stone-Céch boundary Y = SI"\ T', which is a compact space
and the left translation action & on (I restricts to an action on Y. The inclusion map

from Y into O is clearly equivariant. We can obtain the following result.

Corollary 4.6. The left translation action & on GBI has the Haagerup property if and
only if the induced left translation & on'Y = ST\ T has the Haagerup property.

We wonder whether there is any action « of I" on some compact topological space
X such that the Haagerup property of this action « : I' ~ C(X) is different from the
Haagerup property and coarse embedding property of T'.

5. COMPLETELY BOUNDED /., (I')-BIMODULE MAPS ON C}(T")

It is known that there is an isometric *-isomorphism ¢ (I') = C'(8T), where we can
identify ST" with the maximal ideal space (or the pure state space) of £o(I"). If we let
a: T~ £oo(T) denote the left translation action on £ (T') given by

as(F)(t) = NS () = f(s7'1),
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we can identify the induced left translation action & : I' ~ C(AT') with this action
a: ' l(T), and we can identify the C*-algebra crossed product I' x4, C(0I') with
the uniform Roe algebra
Ci(T) = span{d> _ Aefs: fo € Loo(D)} I C B(£o(T)).
sel’

It is easy to see that C(G) is an £ (T")-subbimodule of B(/5(T")) such that
K((I) U C(T) € C3(T) € B(£2(T)).

There is a faithful conditional expectation & from C}(I') onto £ (I'), which is just the
restriction of the canonical normal faithful conditional expectation from B(¢2(I')) onto
the diagonal subalgebra £, (T").

Let CBy, ) (B(£2(T))) (respectively, CB7_ ) (B(£2(I')))) denote the space of com-
pletely bounded (respectively, normal completely bounded) ¢ (I')-bimodule maps on
B(£2(I")). Since £oo(T')" = €oo(T') is an atomic and finite von Neumann algebra on ¢5(T"),
it is known from Hofmeier and Wittstock [14, Lemma 3.5] that every completely bounded

{5 (T")-bimodule map on B(¢3(T")) is automatically normal. Therefore, we have

(5.1) CBe,,r)(B(£2(T))) = CBy (1) (B(£2(T)))-

We also note that since the von Neumann algebra £ (') is standardly represented on
£5(T), every normal state is a vector state. Therefore, every bounded £ (I')-bimodule
map ¥ on B(¢2(I')) is automatically completely bounded with ||| = || T]| (cf. Effros
and Kishimoto [7, Theorem 2.5]).

Proposition 5.1. Let ¥ € CB,_(r)(B(¢2(T'))). For everyt € I', we have
\Ij()\t) - Atht

for some hy € Loo(T) with ||| < ||V]|ep. Therefore, ® = W o1y defines a completely
|C%(1)

bounded Lo (I")-bimodule multiplier map on CX(T).

Proof. Let W € CBy_r)(B(l2(I"))) = CB7_ (1)(B(£2(1))) and let My 1(£oo(I')) denote the

space of bounded column vectors [£,] with £, € £+ () and

el = 1D~ €l < oo.
n=1

It is known from Haagerup [11] that there exist two bounded column vectors £ = [£,]

and 7 = [n,] in My 1(lso(T)) such that

1]t = €Ml = 1D &x&all 211> mimall®
n=1 n=1
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and
oo

U(z) = Z En

n=1

for all x € B(¢2(T")). In particular, for every ¢ € I', we have

AU =Y A1 &A= > a1 (630
n=1 n=1

Since a;-1 is a normal *-automorphism on £ (T"), [os-1(&,)] is again a bounded column

vector in My 1 (o (I")) such that
o (DN = 11> e (&N = 1D nnll® = Il
n=1 n=1

(&)
Therefore, hy = AfU () = . ay—1(£5)n, is a well-defined element in £, (G) such that
n=1
T(A) = Aehy.

It is clear that
[hell = AT ) < (2] = [[P]]co-

O

Let CB,_(ry(C;(I")) denote the space of completely bounded £ (I')-bimodule maps

on C}(T"). We can obtain the following isometric identification.

Proposition 5.2. The restriction map
U e CBy ) (B(l2(T))) — @ = V|c: (1) € CBy (1) (C(T))

defines an isometric isomorphism from CB,_ ry(B(£2(T'))) onto CB,__ry(Cyi(T)).
Therefore, every completely bounded £ (T')-bimodule map on C}(T) is automatically
a completely bounded £ (T')-bimodule multiplier map on C(T).

Proof. If ¥ € CB,_ ) (B(f2(G))) is a completely bounded /o (I')-bimodule map on
B(l5(T'), then we have ® = W|g- ) € CBy_(r)(C;(T')) by Proposition 5.1. On the

other hand, suppose that ® is a completely bounded £ (I')-bimodule map on C(T").
We can regard ® as a completely bounded ¢ (T")-bimodule map from C}(T") into the
injective von Neumann algebra B(¢5(T")). Then it is known from Wittstock [25, Theorem
3.1] that there exists a completely bounded £ (I')-bimodule extension ¥ from B(¢5(T"))
into B(¢2(T")) such that [|¥||c = ||®]|ep. Since the map ¥ must be normal on B({;(T"))
(see (5.1)) and C(T') is o-weakly dense in B(¢3(I")), ¥ has to be the unique extension

of ®. This shows that the restriction map

U e CBy () (B(la(T))) — @ = ¥|cx(r) € CBy () (Cri(I))
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is an isometric isomorphism from CBy_ (r)(B(f2(I"))) onto CBy_(r)(C;(T)). Therefore,
we can conclude from Proposition 5.1 that every ® in CBy_(r)(C;;(I')) is a completely

bounded £ (T")-bimodule multiplier map on C;(T). O

Let us fix the canonical othonormal basis {Js}ser for ¢2(I"). Then every element
x € B(¢2(T)) can be expressed as an infinite matrix = [xg]. A function ¢ : T'xT' — C
is called a Schur multiplier if the Schur product defines a bounded (and thus a completely

bounded and normal) ¢, (T")-bimodule map
My : w € Ba(T)) — [6(s, )] € B(a(I)).

It is known from Proposition 5.2 that the restriction of M, to C(T") is a completely
bounded £ (T')-bimodule multiplier map on C*(T") and the corresponding multiplier
map h: T' — € (T) is given by

(5.2) hs(t) = ¢(st,t) or equivalently, ¢(s,t) = hg—1(t).

It is easy to see that ¢ is a positive definite Schur multiplier if and only if h is a pos-
itive definte multiplier with respect to the action o : I' ~ £oo(I"). In this case, My is
completely positive. We have ¢(s,s) =1 for all s € I' if and only if M, is unital.

Now let us consider the metric d on I' discussed in the proof of Theorem 4.2. We let
Ar={(s,t) eT xT':d(s,t) < R}
denote the strip bounded by some positive number R < oo, and let
A={(s,5) el xT:seT} =Ny

denote the diagonal of I'xI". We say that a Schur multiplier ¢ is contained in Cop(I'xT", A)
if for every € > 0, there exists a positive R > 0 such that |¢(s,t)| < e for all (s,t) ¢ Ag.
It is easy to verify that a multiplier h : T' — £ (T) is contained in Cy(T, ¢, (T')) if and
only if the corresponding Schur multiplier ¢ is contained in Co(I' x I'; A). It is also
easy to see that a sequence of Schur multipliers {¢,,} converges to the constant function
1 uniformly on strips Ag for all R > 0 if and only if the corresponding sequence of
multipliers {h, } converges to the the constant function 1 pointwisely on T'.

Therefore, as it was shown in [9, Theorem 2.3], a countable discrete group I' with the
locally finite metric d is coarsely embeddable into a Hilbert space if and only if there
exists a sequence of positive definite Schur multipliers {¢,} in Co(T’ x T', A) such that
¢, — 1 uniformly on strips. In the following, we show that the positive definite condition

in [9, Theorem 2.3] can be replaced by contractive Schur multipliers.

Theorem 5.3. Let I be a countable discrete group with locally finite metric d. Then the

following are equivalent:
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(1) T is coarsely embeddable into a Hilbert space;

(2) there exists a sequence of contractive Schur multipliers {¢,} in Co(I' x ', AA)
such that ¢, — 1 uniformly on strips Ag for all R > 0;

(3) there exists a sequence of completely contractive multipliers {h,} of the action &

in Co(T', loo(T)) such that hy, — 1 pointwisely on T'.

Proof. We only need to prove (2) = (1). Our proof is largely motivated from the
proof of [5, Proposition 2.1]. By assumption, for any R > 0 and 0 < € < %, there

exist two contractive maps &,n : I' — H such that the contractive Schur multiplier
@(s,t) = (£(s)|n(t)) satisfies

(i) sup{|l — &(s,t)|: d(s,t) < R,s,t €T} <

(ii) SILH;O sup{|o(s,t)| : d(s,t) > S,s,t €T} = 0.

Condition (i) implies that if d(s,t) < R, we have

&) 112 + 1 (@) I —2Re(€(s)In(1))

2(1 — Reg(s,t)) < 2|1 — d(s,t)] < 2e.

I €(s) = n(t) |2

IN

This shows that
sup{|| £(s) —n(t) ||: d(s,t) < R,s,t €T} < V2e.

Condition (i) also implies that for any s € T,

l—€ < Reg(s,s)=Re(€(s)ln(s)) <[ &(s) || - | n(s) 1< 3(I1 €(s) 117 + [ m(s) 117).

Therefore, we get
2(1—¢) < [IE6)I1P + lIn(s)]I* < 2.

Condition (ii) implies that there exists a sufficiently large S > 0 such that |$(s,t)| < €
for all d(s,t) > S. Since d(s,t) = d(t, s), we also have |¢(t, s)| < e. Then for d(s,t) > S,
we get

&s) = n@I* + 16X —n(HN* = IEGSN* + In@I + 1EDI + In(s)II?
— 2Red(s,t) — 2Red(t,s) > 4— 8e > 3%
Since
€)= n(s)II* = €D + In(s)[I* — 2Red(t, 5) < 2+ 2¢ < 21%7

we can conclude that

€(s) = n(®)I* > 31% =€) = ()| > 1.

Applying a natural induction precedure, we can choose two sequences of contractive

maps &,,m, : I' — H, and an increasing sequence of positive real numbers Sy = 0 <
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S; < Sp < -+, which tends to infinity, such that for every n > 1 and every (s,t) e ' x T
we have

(@) [ €n(s) —mn(t) 1< 5z, if d(s,t) < v/

(b) [ &n(s) = nn(t) |2 1, if d(s,t) = Sp.

Choose a base point sg € I and define two maps f and g from T into the infinite Hilbert

o0
space direct sum @ H,, by letting

n=1

J(8) = (§1(s) = m(s0)) ® (§2(s) — na(s0)) © - -
and
g(t) = (m(t) — & (s0)) © (m2(t) — &a(s0)) @ -+

It follows from (a) that f and g are well defined maps such that
I f(s)—g®) > = k; I () — mi(t) + &k(s0) — mk(s0) |12
< 2’; I €k (s) —me(®) II* +2 k; Il €k(s0) — 1 (s0) 12 -

If n is such that v/n — 1 < d(s,t) < v/n, then for all k > n we have || & (s) —nx(t) [|< 2.
It follows that

o) —m® 1P = X &) = (@) 2+ 3l &kls) —me(t) |12

k=1 1<k<n—1 k>n

< 4(n— )+1§ 2 <A4d(s,t)? +c

o0
where we let ¢ = > & < co. Since d(so, s9) = 0, we obtain
k=1

oo oo 1
> 1 &k(s0) = mi(s0) 1P< > i
k=1 k=1

and thus
I £(s) — g(2) < 8d(s, t)* + 4e.
From this, we can obtain || f(t) — g(¢) ||< 24/c and thus
[ f(s) = f@ 1 < 1 F(s)=g@) I+ 11 g9(t) = f() |l
< 2y/2d(s,t) + ¢+ 2¢/c = py(d(s,t)).

On the other hand, if n is such that S,, < d(s,t) < S,+1 we have

I f(s)—a@®) I? = ki::l I €k(s) — me(t) + €k (s0) — mi(s0) ||

> 1<2k:< | €k (s) — mi(t) + Ex(s0) — ne(s0) |17
> 1<§k:< || €k (s) = mi(t) | = Il €k (s0) = me(s0) || [?
> 3 () =me@) 1P =2 X [ €(s) =) || - I €k(s0) — me(s0) || -

1<k<n 1<k<n
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For 1 < k < n, we have S, <5, <d(s,t). It follows from (b) that

Do l&k(s) —m(0) 7= n =1 = pl(d(s,1))?,

1<k<n

o0
where we let p” = > /n— 1X(S,,,5,,1)- Since § and 7 are contractive maps, we also
n=1

get
> I &k(s) —me(@) I Il &x(s0) = m(s0) IS 30 2 [ &ls0) —mm(s0) <2+ 32 5 <8
1<k<n 1<k<n 1<k<n
So
1 f(s)—g®) 17 = pl(d(s,1))* =16 > (p'_(d(s, 1)) — 4)*
and thus we get
1 fs)=f@ I = 1 f(s)—g@) | = I g@) — ) |l

> pl(d(s,1) — 4 - 26 = p_(d(s,1)).
This shows that I" is coarsely embeddable into a Hilbert space. O

The following result is an immediate consequence of Theorem 5.3.

Corollary 5.4. A countable discrete group I is coarsely embeddable into a Hilbert space
if and only if there exists a sequence of completely contractive o (T')-bimodule maps
{®,} on C*(T') such that (1) each induced map ®,, is compact on He () and (2) {®,}

converges to the identity map id in the point-norm topology on He_(r)-

6. A SCHUR MULTIPLIER CHARACTERIZATION FOR EXACT GROUPS

According to Kirchberg [17, 18, 19], we say that a locally compact group T is exact if

the reduced group C*-algebra C5(T') is exact, i.e. we have the short exact sequence
0 = K(b2) @™ C3(T) — B(lz) @™ CX(T) — Q(b2) @™ C3(T') — 0

of C*-algebras. It was shown by Ozawa [21] that a countable discrete group I is exact
if and only if there is a sequence of positive definite Schur multipliers ¢,, : I' x I' — C
such that (1) each ¢, is supported on a strip Ag for some S > 0 and (2) ¢, (s,t) — 1
uniformly on strips Agr with R > 0. This is equivalent to saying that there exists
a sequence of positive definite multipliers h,, : I' — o (') in C.(T', £ (L)) such that
h, — 1 pointwisely on I'. From this result, it is easy to see that every exact discrete
group is coarsely embeddable into a Hilbert space.

In general, we can say that an action o : I' ~ C(X) is amenable if there exists a
sequence of positive definite multpliers by, : T’ — C(X) in C.(T', C(X)) such that h,, — 1
pointwisely on I'. This definition is equivalent to that given by Anantharaman-Delaroche

[1] (see proof in [2, Theorem 4.4.3]). Therefore, we can say that a discrete group I is
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amenable if and only if the trivial action o : I' ~ C is amenable, and a discrete group I'
is exact if and only if the left translation action « : I' ~ £oo(T) is amenable. Moreover,

we can obtain the following analogue of Theorem 4.3 and Proposition 4.4.

Theorem 6.1. Suppose that the action a : ' ~ C(X) is amenable and suppose that
B:T ~ C(Y) is another action. If we have a continuous map 7 : Y — X which is
equivariant in the sense that

aso0T =To [

for all s € T, then the action 8 : T ~ C(Y) must be amenable.

Proposition 6.2. Let 8 : T~ C(X) be an arbitrary action of T' on C(X).

(1) IfT is amenable, then so is the action §:T' ~ C(X).
(2) If B: T ~ C(X) is amenable, then so is the action & : T~ £ (T) = C(OT).

In the following, we show that the positive definite Schur multipliers in Ozawa’s result
[21] can be replaced by uniformly bounded Schur multipliers. For this purpose, we need
to recall from Haagerup [12] that a bounded linear map ® : A — B between two C*-
algebras is called decomposable if there exist two completely positive maps ¥; : A — B

(i = 1,2) such that the induced map

- Ui(a) P(a)
(6.1) b:acA— € My(B)
®(a)" Wo(a)

is completely positive. The decomposable norm of ® is defined by
[@]laee = inf{max{[[¥y ||, [[¥2]|}},

where the infimum is taken over all possible ¥; and ¥s in (6.1). In general, we have

1P]leh < ||®||gec and if B is an injective C*-algebra, we have ||®||cp = || P||dec-

Theorem 6.3. Let I' be a countable discrete group. Then I' is exact if and only if
there exists a sequence of uniformly bounded Schur multipliers {¢,} such that each ¢,
is supported on a strip Ng, for some S, > 0 and ¢, (s,t) — 1 uniformly on strips Agr

for all R > 0.

Proof. We only need to prove the sufficiency. Suppose that {¢,} is a sequence of Schur
multipliers satisfying the hypothesis. Since each ¢,, is supported on a strip Ag, , there
exists a finite subset F,, C ' such that ¢, (s,t) = 0 whenever st~ ¢ F,,. It follows from
(5.2) that h, s = 0 for each s ¢ F,. Let ®,, to be the restriction of My, to C5(I"). For

any x = Y Asas € M(C[I']) with as € C, we have
sel’

D, (x) = Z Ashn, s@s.

sEF,
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Therefore, each ®,, is a finite-rank map from C5(I") into B(¢2(T")) with

H‘I)n”dec = ”(I)n”cb < ||¢n|| <k

for some positive k& > 0. It is known from [16] (also see Pisier [23, Theorem 12.7]) that

for each n € N there exist completely bounded maps
v 1 CX(T) = My(ny and wy, : My, — B(£2(T))

such that ®,, = w, o v, and ||v,||e]|wn e < k-

Since ¢, (s,t) — 1 uniformly on each strip Ag, the corresponding multipliers h,, :
I' = 4o (T') converge to the constant function 1 pointwisely on I'. Since these Schur
multipliers ¢,, are uniformly boundedness, the corresponding completely bounded maps
®,, = Mg, |c;(r) are uniformly bounded and converge to the inclusion map ¢ : C3(T') —
B(¢(T)) in the point-norm topology. This shows that the C*-algebra C3(I") is k-exact

and thus is exact. O

As a consequence of Theorem 6.3, we can obtain the following £ (I')-module charac-

terization for exact groups.

Theorem 6.4. Let I' be a countable discrete group. Then I' is exact if and only if
there exists a sequence of completely bounded {o (T')-bimodule maps {®,} on C:(T") with

|®n]leo < k for some positive number k > 0 such that

(i) each ®,, induces a finite-rank map of the form ®, = 3 Ox.f.rq ON Ho(r);
s, teFy,

(ii) |®n(2) — 2[e — 0 for all x € Hy_ry.
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