SYLOW THEOREMS

CHARLES REZK

This is a discussion of the Sylow theorems, as I presented it in class (mostly). It is
presented a little differently than the book does it.

A p-Sylow subgroup of finite group G is a non-trivial subgroup P < G which is a p-
group, and is such that |G : P| is prime to p. (Note: the book allows a p-Sylow subgroup to
be trivial.)

Write Syl,(G) for the set of p-Sylow subgroups, and write n, = }Sylp(G)}.

Theorem 1 (Sylow). Let G be a group of order p®m, where p is prime, p does not divide
m, and a > 1.
(1) SyL,(G) # 2.
(2) Any two p-Sylow subgroups are conjugate.
(3) If P is any p-Sylow subgroup, then n, = |G : Ng(P)|, whence ny|m, and we also
have n, =1 mod p.

Proof of (1). This is an induction on |G|. If |G| = p, then G is its own p-Sylow subgroup.
Supose |G| = p*m > p with a > 0, and we’ve proved it for all subgroups of smaller order.
Claim.
(a) G has a proper subgroup H < G of index prime to p, or
(b) G has a non-trivial normal subgroup N < G of order a power of p.
If (a) is true, then a p-Sylow subgroup of H is automatically a p-Sylow subgroup of G. If (b)
is true, then G/N has a p-Sylow subgroup @ by induction. Since |G/N| = p’m with b < a,
we see @ has index m in G/N. Thus, the preimage P = {g € G | gN € @ } also has index
m in G, so is a p-Sylow subgroup.
Now we prove the claim. Consider the class equation

pm =G| =|2(G)| + Y _ |G : Calgi)l -

Remember that |G : Cg(gi)| > 1. We need to show if (a) is false, then (b) is true. If (a) is
false, then p divides each |G : Cg(g;)|. Since p divides |G|, it follows that p divides Z(G).
So Z(@G is an abelian group with order divisible by p, and we have shown that such a group
has an element x € ZG of order p. Then N = (z) < G satisfies the conditions of (b).

For part (2), we use the following fact.

Lemma 2. Let H, K < G be subgroups. Then there exists x € G such that tKx~' C H if
and only if the left action of K on G/H has a fixed point.

Proof. Suppose xH is a fixed point of the action of K on G/H. This means that for all
k € K, we have
kxH = zH.
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Thus z~'kzH = H, and so x 1Kx C H.
Conversely, if 27Kz C H for some x, then k(zH) = zH for all k € K. O

Proof of (2). Let P,Q € Syl,(G). We have |G/P| = m, which is not divisible by p.
Consider the action of @ on G/P; the set G/P must be a disjoint union of orbits of the
Q-action, so we have

,
m=1G/Pl=c+ Y |0k,
k=1

where ¢ is the number of fixed points of the action, and each orbit Oy has size bigger than
one. Since |Og| divides |Q| = p®, this means p divides |Ok| for k =1,...,r. If ¢ =0, then it
follows that p divides m, a contradiction. Thus ¢ > 0, and by the lemma we must have that
Q is conjugate to P.

This proves more.

Proposition 3. If P € Sylp(G), and Q < G is any p-group, then Q is conjugate to a
subgroup of P. In particular, any p-group of G is contained in a p-Sylow subgroup.

The proposition is also proved by showing that the action of @) on G/P has a fixed point,
in the same way.

Proof of (3). The G action on Syl,(G) is transitive, by part (2) and the stabilizer group
of P € Syl,(G) is Ng(P). Thus n, = |G : Ng(P)| for any P € Syl,(G). Since P < Ng(P),
it follows that n, = |G : Ng(P)| divides |G : P| = m.

For the congruence result, we examine the action of P on the set Syl,(G) by left multi-
plication. The set Syl,(G) must be a disjoint union of orbits. Let ¢ be the number of fixed
points of this action, corresponding to the number of orbits which consist of one point sets.
Then we have

np = [SyL(G)| =c+ > |O4l
k=1

where the sum is over the orbits Oi,..., O, of size bigger than 1. Since each |O| must
divide |P| = p%, it follows that p divides |Og| for each k = 1,...,r. Therefore n, = ¢
mod p. It remains to show that ¢ = 1. It is clear that P € Syl ,(G) is fixed under the action
of conjugation by P, so we only need to show there are no others.

Suppose @ € Syl,(G) is fixed under conjugation by P; i.e., pQp~t = Q for all p € P,
which means that P < Ng(Q). The groups P and @ must be p-Sylow subgroups of Ng(Q),
since |[N¢(Q)| divides |G|. But all p-Sylow subgroups of N¢(Q) must be conjugate, and since
@ is normal in Ng(Q), it follows that P = Q.
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