FREE GROUPS

CHARLES REZK

Construction of the free group, different than the one given in D&F VI.3.

1. MoONOIDS

A monoid is a set M equipped with a function (z,y) — x-y: M x M — M such that
(1) z-(y-2)=(x-y) zforall z,y,z € M, and
(2) there exists an element 1 € M such that 1 -z =x =21 for all z € M.

A homomorphism of monoids is a function ¢: M — N such that

(1) ¢(z-y) =d(x) - ¢d(y) for all x,y € M, and

(2) (1) = 1.
If M and N are groups, then a homomorphism of monoids ¢: M — N is the same thing as a
homomorphism of groups. (If N is a group, then condition (2) is automatically satisfied by any
function which satisfies condition (1).)

2. FREE MONOIDS

Let S be a set. Let
FoonS ={(a1,...,a,) | a; € S,r >0},
be the set of all finite lists of elements of S. Note that there is an element () € Fy,onS, the empty
list; we write 1 for this element.
This is a monoid, by concatenation of lists:

(al,...,ar)-(bl,...7bs) = (al,...7ar,b1,...,bs).

It is associative. The element 1 = () is a unit. The monoid Fy,,,S is called the free monoid on S.
Write i: S — Fy,onS for the inclusion a +— (a); sometimes we will omit the notation for ¢, and think
of S as a subset of FonS.

Examples. Fuon{z} ~ N. Fpon{z,y} = {1, 2,9, 22, 2y, yx, 9%, ... }.

Proposition 2.1. Let M be a monoid. Given a set function ¢: S — M, there exists a unique monoid
homomorphism ®: FynonS — M such that ®((a)) = ¢(a).
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3. EQUIVALENCE RELATION GENERATED BY A RELATION

Let X be a set, and T'C X x X. The equivalence relation generated by T is

R=()Ra,

where the intersection runs over all equivalence relations R, on X such that T'C R,,.

Proposition 3.1. Given T C X x X, let R C X x X be the set of (a,b) € X x X such that either
(1) a=0b, or
(2) there exists a sequence a = g, x1,...,2Z, = b of elements of X, such that for alli=1,...,r
either (x;—1,2;) € T or (x;,x;—1) € T.
Then R is the equivalence relation generated by T.

4. CONSTRUCTION OF THE FREE GROUP

Given a set S, let S’ be a duplicate copy of S. To each element s € S, there is a corresponding
element s’ € S’. The function s — s’ defines a bijection S — S’. It will also be convenient to write
t — t’ for the inverse S’ — S. Thus s’ = s for all s € SII 5.

Let X = Fluon(STTS’). Let T C X x X denote the set of pairs of the form

(W1W2, Wlaa’WQ), (W1W2, Wla'an)
where W1, W5 € X, a € S. Let R be the equivalence relation generated by 7.
Proposition 4.1. If u,v,w € X such that uw ~g v, then uw ~g vw and wu ~g WY.

Let F'S = X/R, the set of equivalence classes of R; write [WW] for the equivalence class containing
W € X. The monoid structure on X thus descends to a monoid structure on F'S, by the rule
[U][V] = [UV], so that the quotient map 7: X — F'S is a homomorphism of monoids.

Proposition 4.2. Fvery element of F'S has an inverse; that is, F'S is a group.

Let j: S — FS denote the map
J(s) = li(s)].

Proposition 4.3. Let G be a group. Given a set function ¢: S — G, there exists a unique group
homomorphism ®: FS — M such that ®(i(a)) = ¢(a).
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5. REDUCED WORDS

A reduced word in X = Fy,on(S1S’) is a word (z1,...,2,) such that there isnoi=1,...,r
with z; = s and 2,11 = §', for some s € S11 5.

Proposition 5.1. Fach equivalence class of R in X = Fyon(S 11 S’) contains exactly one reduced
word.
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