Introduction to Differential Equations — Math 286 X1
Fall 2009
Homework 5 Solutions

1. Solve
y' =3y +2y =4, y(0)=1, y'(0)=2.

Solution: We first solve the homogeneous problem (note, this will be good for the next three ques-
tions). We have
y" =3y +2y=0.

Using the Ansatz y = e"* gives
r’ —3r+2=0,

which has roots r = 1,2. So the general solution to the homogeneous equation is
yn(z) = Cre® + Cae®®.
Noting that the right-hand side does not appear as a homogeneous solution, we guess
yp(z) = A’

Plugging this in gives
9Ae>" — 3(3Ae3”) + 24> = 4",

or A =2, and thus
yp(x) = 2¢37
giving
y(x) = Cre® + Cpe®® + 237,

To find C1, Cy we plug in the initial conditions, and we have

y0)=C1+Ce+2=1,
y/(0)201+202+6=2.

Solving this gives C; = 2, Cy = —3, so the solution is

y(x) = 2e* — 3e** + 237,

2. Solve
y' =3y +2y=¢€*, y(0)=1, y'(0)=-1.

Solution: The homogeneous problem is as above, so we have
yn(z) = Cre® 4+ Cae®®.
Since the forcing appears as a homogeneous solution, we need to guess

yp(z) = Awe®.



We evaluate:

yp(x) = Ae®*® 4 2Aze®®,
Yy (z) = 2Ae%" + 24e* 4 4Axe®™ = 4Ae*® 4 4Axe*™.
Plugging in gives
4Ae*® + 4Axe® — 3(Ae®® + 2Axe®®) 4 2(Axe®™) =
= (4A — 3A)e*® 4 (4A — 6A + 2A)ze**
= Ae*™.

Therefore A =1 and
ypl() = ze?™.

This gives a general solution of
y(x) = Cre® + Cye®® + xe*”,

We compute that
Y (z) = Cre” + 209e** + ** + 2ze**,

and we have

y(0) =C1 + Cy =1,
y'(0) =Cr +2C2 + 1= —1,

which has solution C7 = 4,Cy = —3, so

y(x) = 4e” — 32 + ze?®.

. Solve
y" — 3y + 2y =4sin(z), y(0)=2, ¢'(0)=2.
Solution: The homogeneous solution is
yn(x) = Cre” + Cye?®.
The forcing does not appear in the homogeneous solution, so we guess
yp(x) = Asin(x) + B cos(z).
This gives

y,(x) = Acos(x) — Bsin(x),
y;/(ﬂ?) = —Asin(x) — B cos(z).

Plugging in gives
—Asin(z) — Beos(x) — 3(Acos(x) — Bsin(z)) 4+ 2(Asin(z) + B cos(z)),

or

(—A+3B+2A)sin(z) + (—B — 3A + 2B) cos(x),



giving the system

A+3B =4,
—3A+B=0.

This system has solution A = 2/5, B = 6/5, or

Yp() = %Sin(x) + g cos(z).

Therefore the general solution is

2
y(z) = Cre® + Cre®® + R sin(z) + gcos(:v).

We have ) 6
Y (z) = Cre” + 209> + R cos(x) — R sin(z),
o

y(0)=C1+Ce+6/5=2,
y'(O) =C1+2C,+2/5 =2,

which has solution C; = 0,Cy = 4/5, so our solution is

4 2 6
= —e** + Zcos(z) — — sin(x).

y(z) g z z

. Solve
y' -4y +4y=¢*, y(0)=1, y(0)=3.

Solution: We solve the homogeneous equation, this will be good for the next three problems. We
have
y' =4y +4y =0,

plugging in y = €™ gives
r? —dr4+4=0,

which has a double root r = 2,2. So our homogeneous solution is
yn(z) = C1e®® + Coxe®®.
The forcing is not a homogeneous solution, so we guess
yp(x) = Ae”,

which, plugging in, gives
Ae® —4Ae” + 4Ae” = Ae”,

so A = 1. Our general solution is
y(x) = C1e** + Cyze®® + €*.

We compute
Y (z) = 2C1e%* + Coe®™ + 20y1e®” + 7,



SO

y0)=C1 +1=1,
y/(0)=201+02+1=3,

which has solution C; = 0,Cy = 2, or

y(x) = 22e*™ + €”.

. Solve
y' — 4y +4y =5e*, y(0)=3, y'(0)=2.

Solution: We have the homogeneous solution
yn(x) = C1e*® + Coxe?®.
The forcing does appear in the homogeneous solution, so we guess
yp(z) = Ax?e?.

This gives

y,(z) = 2Axe*™ + 2Ax2e*”,

Yy, (x) = 2Ae?® 4+ 4Axe®® + 4Axe®® + 4Ax%e® = 24e* + 8Axe® + 4Ax” e,
Plugging in gives

2Ae* 4 8Awe®™ + 4Ax?e® — 4(2Axe®” 4 2Ax%e*™) + 4(Ax?e®®) =
=246 + (8A — 8A)we®® 4 (4A — 8A + 4A)z%e?®,
so we have 24 =5 or A =5/2, so
)
() = Jate?
The general solution is then
y(x) = Cre** + Coxe®® + gx%%.

We compute

Y (z) = 2C % + Coe® + 205xe® 4 5xe®™ + 5a?e?™,

giving




6. Solve
y" — 4y + 4y = —4e”sin(x), y(0)=1, %' (0)=2.

Solution: We have the homogeneous solution
yn(x) = Che** + Cyze®™.
The forcing does appear in the homogeneous solution, so we guess
yp(x) = Ae” sin(z) + Be” cos(z).
We compute
y,(x) = Ae” sin(x) 4 Ae® cos(x) + Be® cos(x) — Be® sin(x)

= (A — B)e”sin(z) + (A + B)e” cos(x).

We also have
Yy, (r) = (A — B)e” sin(z) 4+ (A — B)e” cos(z) + (A + B)e® cos(x) — (A + B)e” sin(x)
= —2Be"sin(z) 4+ 2A4e” cos(x).

Plugging in gives

— 2Be”sin(x) + 2A4¢e” cos(z) — 4((A — B)e” sin(x) + (A + B)e® cos(z)) + 4(Ae” sin(x) + Be” cos(z))
=(—2B —4(A — B) + 4A)e" sin(z) + (2A — 4(A + B) + 4B)e” cos(z)
= 2Be" sin(x) — 24e” cos(z).
This gives A =0,B = —2, or
yp(x) = —2€° cos(x).

Thus the general solution is
y(x) = C1e** + Coze® — 2¢” cos(z).

We also have
Y (x) = 201 + Ce®® + 20ywe*® — 2¢” cos(x) + 2¢” sin(x).

Thus
y(0)=C1—-2=1,
y'(0)=2C) + Cy —2=2,
which has solution C; = 3,Cy = —2. Thus our solution is
y(x) = 3e** — 2ze>” — 2e” cos(x).
7. Solve

y'+2y +2y=2¢", y(0)=2, ¢'(0)=1.

Solution: We first solve the homogeneous equation

y' + 2y +2y = 0.



Making the Ansatz y = e™® gives
r*+2r+2=0,

whose roots are
—24++/—-4
r— _

5 —1£1.

Thus the homogeneous solution will be
yn(x) = Cre” " cos(x) + Cae™ “ sin(x).
Since the forcing does not appear here, we guess
yp(x) = Ae”.

Plugging in gives
Ae® +2Ae” + 2Ae” = 5Ae",

so A =2/5 and

Thus the general solution is
2
y(z) = Cre”* cos(z) + Cae™ *sin(z) + gem7

and

2
y'(z) = —Cre” " cos(z) — Cre” sin(z) — Cae " sin(x) + Coe™ " cos(z) + gex.

We have

y(0)=C1+2/5=2,
y/(O) =-—-C1+ (s +2/5: 1,

which has solution Cy = 8/5,Cs = 11/5, so the solution is

11
y(z) = ge*x cos(x) + gex sin(x) + 2€”.

. Solve
Y+ 2y +2y=—sin(z), y0)=1, 2 (0)=-2.
Solution: The solution to the homogeneous equation is
yn(x) = Cre” " cos(x) + Cae™ “ sin(x).
Since the forcing does not appear here, we guess
yp(x) = Asin(x) + B cos(z).
We have

y,(x) = Acos(x) — Bsin(x),
y, (r) = —Asin(z) — B cos(x).



Plugging in gives

— Asin(z) — Bcos(z) 4+ 2(Acos(z) — Bsin(x)) + 2(Asin(z) + B cos(z))
=(—A—-2B+2A)sin(z) + (—B + 2A + 2B) cos(z),

or

A—-2B =1,
24+ B =0,

which has solution A = —1/5, B = 2/5, so we have

Yp(a) = —% sin(z) + %cos(x).

Thus the general solution is
_ o 1 2
y(x) = Cre™ cos(z) + Cae™" sin(z) — R sin(z) + R cos(z),
with

1 2
y'(z) = —Cre " cos(z) — Cre” *sin(z) — Coe™ *sin(x) + Core™ " cos(z) — £ cos(x) — E sin(x).

Thus we have

y(0)=C1+2/5=1,
y/(O) =-C1+0Cy — 1/5: -2,

which has solution Cy = 3/5,C2 = —6/5, so our solution is

y(x) = gex cos(x) — gex sin(x) — %sin(x) + % cos(x).

. Solve
y" + 2y + 2y =3e "cos(z), y(0)=0, y'(0)=-1.
Solution: The solution to the homogeneous equation is
yn(x) = Cre” " cos(x) + Cae™ “ sin(x).
The forcing appears as a homogeneous solution, so we have to guess
yp(x) = Aze™ " cos(z) + Bre™ sin(x).
We compute

yp(x) = Ae™" cos(z) — Awe™ " cos(x) — Awe™ " sin(z) + Be™ *sin(x)
— Bze " sin(x) + Bxe™* cos(x)

= Ae % cos(z) + Be “sin(x) + (B — A)xe” " cos(z) + (—A — B)ze™ ” sin(x).



Then

Yy, (x) = —Ae™ " cos(x) — Ae” " sin(x) — Be™ " sin(z) + Be™* cos(x)
+ (B —A)e *cos(z) + (A — B)xe™* cos(z) + (A — B)ze *sin(x)
+ (—A — B)e sin(z) + (A + B)ze “sin(x) + (—A — B)xe™” cos(z)
=(-A+B+(B—A))e “cos(z)+(—A—B—A— B)e “sin(x)
+(A—B—-A—B)xe ®cos(z)+ (A— B+ A+ B)re “sin(z)
= (2B —2A)e " cos(z) + (—2A — 2B)e” “sin(x) — 2Bxe™* cos(x) + 2Axe™ " sin(z).
Aaaand plugging in we get
(2B —2A)e” ® cos(z) + (—2A — 2B)e” “sin(z) — 2Bzxe” “ cos(x) + 2Azxe™ ¥ sin(z)
+2(Ae *cos(x) + Be ?sin(z) + (B — A)ze * cos(x) + (—A — B)xe " sin(x))
+ 2(Aze™" cos(z) + Bre™ “sin(z))
= (2B —2A+2A)e “cos(x) + (—2A — 2B + 2B)e” “sin(x)
+(—2B+2(B—A) +2A)ze “cos(xz) + (2A+2(—A — B) + 2B)ze " sin(x)
= 2Be” “ cos(x) — 2Ae™ ¥ sin(x),
so we have A =0,B = 3/2, or
yp(x) = gxeﬂ” sin(x).

Thus the general solution is

3
y(z) = Cre” " cos(z) + Cze " sin(x) + 5:1:6_”” sin(x).

We have
y' () = —Cre " cos(z) — Cre T sin(x) — Cae” " sin(z) + Cze™ " cos(z)
+ %e‘w sin(x) — gxe_w sin(x) + gxe_w cos(z).
This gives

y(0) = C1 =0,
y'(0) = —C1 +Cy = —1,

which has solution C; = 0,Cy = —1, so

y(z) = —e *sin(z) + gxeﬂ” sin(z).

10. Solve
y' +2y +2y=3z—4, y(0)=0, ' (0)=1.

Solution: The solution to the homogeneous equation is

yn(x) = Cre” " cos(x) + Cae™ “ sin(x).



Since the forcing does not appear here, we guess
yp(x) = Az + B.

Plugging in we have
2A+2(Az + B) = 3z — 4,

or A=3/2,B=-7/2,s0

3 7
yp(@) = 551? Ty
This gives a general solution of
—x —x 3 7
y(x) = Cre™ cos(z) + Cae™ " sin(z) + 2% 5
and
y'(z) = —Cre " cos(z) — Cre” sin(z) — Coe™ " sin(x) + Coe™ " cos(z) +
so we have

y(0) = Cy —7/2 =0,
y'(0) = —Cy + Cy +3/2 =1,
which has solution C; = 7/2,Cs = 3, so

y(r) = ;eﬂ” cos(z) + 3e Tsin(x) + gx _ g
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