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problem 11

Sorting Pairs in Bins
posed by Peter Winkler presented by Susan White

Suppose that we have n bins in a row, numbered 1, 2, . . . , n from left to right. For each
1 ≤ i ≤ n, the ith bin contains two balls which each bear the number n+ 1− i. We define
a “swap” as the exchange of two balls in adjacent bins.

Question: What is the minimum number of swaps needed to get each ball into the
bin of the same number?

We may first look at a simpler case. Suppose that each bin contains only one ball with
the number n + 1 − i. How many swaps are necessary to get each ball into the bin of the
same number? Observe that each pair of balls is in the wrong order, and each swap corrects
only one pair. Thus
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swaps are necessary to sort the balls into the correct bins.

Building on this simple case, one might guess that 2
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swaps are necessary in the case

of two balls per bin. While this number is sufficient, it is not necessary. For example, it is
a simple exercise to show that in the n = 3 case, the sorting can be done in only 5 swaps.

A lower bound for the number of swaps required is given by
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. Winkler uses a

“point system” to show that this lower bound holds [1]. In sorting the balls, points are
given as follows. One point is given for each pair of balls with the same number. One point
is given for a “pass,” in which a higher numbered ball passes a lower numbered ball from
the left. A pass may be completed in two steps; in this case 1

2 point is given when the
higher numbered ball catches up with the lower numbered ball, and 1

2 point is given when

the higher numbered ball moves on from the lower numbered ball. Note that
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must be collected to sort the balls. In any given swap, the maximum number of points that
may be obtained is 3. Hence the lower bound is obtained. The lower bound, however, is
not always attainable, and so the puzzle remains unsolved.

If the above question is answered, other generalizations of the puzzle may be considered.
For example, one may consider same-sized bins which hold more than 2 balls each, or bins
of different sizes.

Questions: If each bin contains k balls, what is the minimum number of swaps
needed to get each ball into the bin of the same number? If the ith bin contains ki
balls, how many swaps are needed?
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