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problem 6

The 3x+1 Problem
posed by Lothar Collatz (1937)1 presented by Max Leidner

Conjecture: Given a function s : Z+ → Z+, which maps all even numbers x to
x/2, and maps all odd numbers x to (3x+ 1)/2, the s-orbit of any positive integer
contains 1.

This problem is simple to state and therefore seems easy to tackle. However, it is an
old problem, and remains unsolved, though much work has been done on it by numerous
promising mathematicians. It has been called “intractably hard,”and even Paul Erdős said
“Mathematics is not yet ready for such problems”in [1].

A Collatz sequence is defined as follows for n, an initial seed: C (n) =
©
sk (n)

ª
k∈N . For

example, C(3) = {3, 5, 8, 4, 2, 1, 2, . . . }, reaching 1 very quickly, but C(27) must go through
almost a hundred terms of the sequence before reaching 1. There are three possibilities for
the fate of any Collatz sequence: either it reaches 1, or it enters a cycle that doesn’t include
1, or it diverges to positive infinity [2].

A function frequently used in efforts to solve the problem is the “stopping time”function
σ(n), defined as the number of iterations of s necessary for a seed n to reach a number less
than n, or infinity if it never does. (i.e., σ (n) = min

¡©
k : sk (n) < n

ª¢
). The conjecture

that every integer has a finite stopping time is equivalent to the Collatz conjecture [2]. As
Lynn E. Gardner asserts, some properties of the stopping time are easily shown, such as
that σ(n) is 1 for n even, 3 for n ≡ 1 (mod 3), and 6 if n ≡ 3 (mod 16); see article [1] for
more.

Notes:

1. By systematically testing all positive integers with a computer program, all initial
seeds less than 17× 2258 have been found to satisfy the conjecture [3].

2. The length of the shortest possible cycle not containing 1 has a very large lower bound,
which rapidly increases as higher initial seeds are proved to satisfy the conjecture.
Given that all seeds under 2 billion satisfy the conjecture, such a cycle would have to
have at least 105 thousand members [1].

3. Probabilistic arguments tend to support the claim that no divergent sequences exist.
If we choose an odd integer n at random, then half the time s(n) will return another
odd integer. So the time we can expect to wait for the next odd integer to occur
follows a geometrically decreasing probability distribution. If s is sufficiently random
then the expected multiplication factor between two consecutive odd integers in a
sequence ends up being 3/4. So the sequence should be decreasing [1].

1Though it is credited to Collatz, the problem had been circulating among mathematicians for a while,
and it is difficult to find the exact origin of the problem.
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problem 7

The Union-Closed Conjecture
posed by Péter Frankl (1979) presented by Ben Allgeier

Let U be a finite set and F a family of nonempty subsets of U which is closed under
unions.

Question: Can you prove there is an element of U which is in at least half the sets
of F .
An equivalent form of the conjecture is that for any family of proper subsets of U closed

under intersection, there must exist some element of U that belongs to at most half of the
sets of F . Péter Frankl stated the conjecture in this form, in 1979, and so the conjecture is
usually credited to him and sometimes called the Frankl conjecture.

The conjecture has been proven is some cases. For example, it is proven for

• the case |F| ≤ 36 (see reference [2])
• the case |U | ≤ 9 (see reference [3])
• the case there exists an element of F of size at most 2 (see reference [6]).

Frankl’s conjecture has also been formulated and studied as a question in lattice theory.
In this formulation, the conjecture is that in any finite lattice there exists an element x
that is not the join of any two smaller elements, and such that the number of elements
greater than or equal to x totals at most half the lattice, with equality only if the lattice
is a Boolean algebra. As Abe [1] shows, this statement about lattices is equivalent to the
Frankl conjecture for union-closed sets: each lattice can be translated into a union-closed
set family, and each union-closed set family can be translated into a lattice, such that the
truth of the Frankl conjecture for the translated object implies the truth of the conjecture
for the original object. This lattice-theoretic version of the conjecture is known to be true
for several natural subclasses of lattices (see references [1], [4], and [5] for examples) but
remains open in the general case.

It should be noted that it has not been established that there is an element in any
fraction c > 0 of the sets. A proof of E. Knill cited in [7] shows that that there is an
element contained in at least N/log2N sets, where N is the size of the family.
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problem 8

5-coloring Graphs with Small Crossing & Clique Numbers
posed by B. Oporowski and D. Zhao (2005) presented by Tim Brauch

Let G be a graph with crossing number cr(G) and clique number ω(G).

Conjecture: Does every graphG with cr(G) = 4 and ω(G) ≤ 5 have a 5-coloring?
What if cr(G) = 5?

In [1] Oporowski and Zhao prove Every graph G with cr(G) ≤ 3 and ω(G) ≤ 5 is 5-
colorable. Since K6 has 3 crossings and requires 6 colors, it is necessary to have ω(G) ≤ 5.
The graph H obtained by removing the edges of a 5-cycle from K8 has the properties
χ(H) = 6, ω(H) = 5 and cr(H) = 6. The question is unanswered for cr(G) = 4, 5. A
picture of H with 6 crossings is shown in [1].
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problem 9

Existence or Non-Existence of a Type II Code
posed by N. J. A. Sloane (1973) presented by Finley Freibert

An [n, k, d] linear code C over Fq is a k-dimensional subspace of Fnq with d defined to be
the minimum distance in C. C is called self-dual if C = C⊥ (where C⊥ = {x ∈ Fnq |x · v =
0 ∀c ∈ C}). A doubly-even, self-dual binary code is called a Type II Code. From a
famous theorem [3] it is known that for any Type II [n, n/2, d] code the minimum distance
is bounded by d ≤ 4bn/24c+ 4. A code which meets the bound is called extremal Type II.

Problem: Does a Type II [72,36,16] code exist?

The previous problem, posed by Sloane [6] , arose from a more general problem con-
cerning extremal Type II codes:

Problem: Describe all Type II [24 , 12 , 4 + 4] codes or show non-existence.

Some partial answers to the problem have been found, yet it is still quite open. For
example the Type II codes for = 1 or 2 are known [6] , and for ≥ 154 no Type II codes
exist [7] as the weight enumerator has a negative value for codes of weight 4 + 8.

Nearby Results (found in [4] ):

i. It has been shown that the existence of a Type II [72, 36, 16] code is equivalent to
the existence of a Type I [70, 35, 14] code [5] . (binary self-dual singly even codes are
called Type I)

ii. It has been shown that the existence of a Type II [24 , 12 , 4 + 4] code implies the
existence of a Type I [24 , 12 , 4 + 2] code [2] .

iii. Strongly Regular Graphs and Doubly Regular Tournaments have been used to con-
struct Type II [72, 36, 12] codes [1] and have possibly could produce codes with mini-
mum distance 16.
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problem 10

Opsut’s Conjecture
posed by Opsut (1982) presented by André Kézdy

Conjecture: The competition number of a quasi-line graph is at most two.

Given a digraph H = (V,A), a competition graph G = (V,E) for H is the graph on
the same vertex set and xy is an edge in G if and only if there exists a vertex w such that
(x,w) and (y, w) are in A. A graph is a competition graph if it is the competition graph of
some digraph. The competition number k(G) of an arbitrary graph G is defined to be the
smallest k such that the disjoint union of G with k isolated vertices is a competition graph.

Chudnovsky and Seymour have recently given a structure theorem for quasi-line graphs
(a.k.a. locally cobipartite graphs) as part of their theorem on claw-free graphs. For a
description of this, see their paper online that surveys the topic of their structure theorem
of claw-free graphs: http://www.columbia.edu/ mc2775/claws survey.pdf

Notes:

i. A graph is a quasi-line graph (a.k.a. locally cobipartite graph) if the neighborhood of
every vertex can be covered with two cliques.

ii. Opsut proved that the competition number of line graphs is at most two, but showed
that two fails in general for claw-free graphs (icosahedron? ... I can not remember
which graph gives a good counterexample... see Opsut’s paper).
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