
Summer 2006 REGS in Combinatorics — D. B. West

Overview

The REGS Program in Combinatorics began officially in Summer 2004, although there
were earlier semesters in which similar research groups met. The project was very successful in
Summer 2004 and continued in various forms through Academic Year 2004–05, Summer 2005,
and Academic Year 2005–06. Math 598 was offered as a problems seminar by Prof. Balogh in
Fall 2005 and by Prof. Furedi in Spring 2006, each time with a dozen or so students participat-
ing. Last fall I submitted a report on the activities through Summer 2005; this report focuses
on Summer 2006.

The REGS group involves graduate students at various levels from both the Mathematics
Department and the Computer Science Department. More than 15 students have participated
each summer; in Summer 2006 there were 22 regular student participants. The project in-
troduces beginning students to a research environment, develops good research habits, fosters
mentoring relationships, and leads to publishable results. The beginning students benefit from
the participation of the more senior students. They get started doing research faster than they
otherwise would, and the hope is that this will help them get into thesis research faster and
reduce their time to degree.

Combinatorial problems lend themselves particularly well to this project, because many
of them can be described in the terminology of a single introductory course and understood
by beginning students. Also, the questions can be studied on examples to gain understanding,
and proving a hard conjecture on a significant special class is often worthwhile. Nevertheless,
it should be possible to conduct similar projects in other research areas.

The appendix to this report consists of short reports from participants describing their
experience in Summer 2006. The first report is from our VIGRE post-doc, Stephen Hartke.
There follow, in alphabetical order, reports from four computer science students (one is trans-
ferring to mathematics) and seven mathematics students.

In research output, the Summer 2006 program was extraordinarily successful. Results
were obtained that may lead to as many as ten publishable papers.

Format and Rationale

In Summer 2006, I followed the approach that has proved successful in earlier summers.
We met three times per week, settling on 2.5 hours as an appropriate length. The first hour
was devoted to presentations of various sorts. Initially these were open problems; later there
were descriptions of results (proofs were mostly postponed to be presented in seminars this
fall). Toward the end of the summer the full time is spent on research.

Problems are presented by both faculty and students. Students formally enrolled are re-
quired to present at least one problem area. Other problems are presented by other students
and by occasional visitors. Problems come from conferences, from open problems on the web,
from published papers in journals, from students’ own conjectures, etc. Students learn to use
various resources to find problems and look up what is known about the problems. Discus-
sion of the problems, guided by faculty, develops taste for what makes a good problem and
generates suggestions for how to approach the problem and for related problems to consider.

In Summer 2004, these presentations were more formal and lengthier. Since the focus
is on research activity, not on learning to lecture, this aspect has been deemphasized so that
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presentations are shorter and there is more time for group discussion and research. Students
wanting to do research on a problem may need to study proofs of prior results on their own
anyway. Thus the second half of the meetings is devoted to group work on open problems,
right from the first day, and this grows to full time by the end of the summer.

With all students and faculty presenting problems, quite a lot of problems are proposed.
This summer more than 30 problems were presented. Not all problems are appealing to stu-
dents or lead easily to generating ideas and results. Some problems are discarded as efforts
coalesce around others that students find appealing and accessible.

Since the research discussions involve groups of three to seven students who get interested
in a particular problem, the ratio of problems presented to problems studied is about right.
Students are exposed to a wide variety of problems, both new and classical, and they learn
how to find something they can work on.

The group research is effective for the same reasons that collaborative study sessions are
effective in courses like Math 412 and Math 347. Small groups in the same room facilitate
efficient contact for the instructor/advisor, many students can be talking and thinking inde-
pendently at the same time, students engaged in discussion together feel more comfortable
speaking up and contributing their ideas, etc. Of course, in REGS more is expected of stu-
dents than in those courses, including working on the problems outside of the meeting time
and working more independently of the instructor.

Results from the research will be presented in the regular seminar in Graph Theory and
Combinatorics during the fall. Some diligence will be needed to ensure that all the papers get
written up and submitted for publication.

The effectiveness of running this program during the summer deserves emphasis. The
consensus among the faculty and students involved is that the program is much more effective
in accomplishing its goals when run during the summer. During the academic year, everyone
has many other things to do; students can focus on research during the summer. This holds
true especially of the younger students at whom the program is aimed, since they have full
course loads (including comp courses) during the academic year, and these courses are not
offered during the summer.

If summer REGS programs do reduce time to degree, then they are highly efficient grad-
uate teaching. Nevertheless, a continuing issue is how to provide incentives for faculty to run
such programs. The time I spent during the summer on this activity was roughly equivalent
to one full semester course, but it does not count as such.

Personnel

Participants in earlier semesters and summers were listed in last fall’s report, which may
have been used in the VIGRE report. Participants in Summer 2006 came in various categories.

Faculty: Douglas West, Stephen Hartke. No direct support for REGS activity.

Visitors (several people stopped by for a week or more): Michael Ferrara (post-doc at U
Colorado–Denver), Seog-Jin Kim (UIUC 2003), Jeong-Hyun Kang (UIUC 2004).

Students supported by REGS funds, in varying amounts (first or second-year students):
Youn-Jin Kim, Mohit Kumbhat, Tim LeSaulnier, Suil O, Chris Stocker, Hehui Wu.

Students supported as TAs: Qi Liu, Noah Prince.

Students supported as partial RAs (West’s NSA grant): Michael Barrus, Daniel Cranston
(Cranston also funded from Jeff Erickson’s grant).

Unsupported math student participants: Eduardo Caro, Jeong-Ok Choi, Hemanshu Kaul
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(defended May 2006), Lale Ozkahya, Jennifer Vandenbussche, Paul Wenger, Gexin Yu (de-
fended May 2006).

Students in computer science (no direct funding): Erin Chambers, Bill Kinnersley, Nitish
Korula, Kevin Milans (will apply to transfer to Math), Ryan Stout.

Observations

This summer, 10 of our participants attended the SIAM Discrete Mathematics Meeting
(DM06) in Victoria, British Columbia, during the third week of the summer session. I provided
travel funds for seven students from an expiring NSA grant (Barrus, Cranston, LeSaulnier,
Milans, Vandenbussche) and from Alumni Discretionary funds I was awarded a few years ago
(Choi, Y.Kim). Hartke and Kaul also attended. I was the conference organizer. Six of our
students gave talks, plus Hartke, Furedi, and Kostochka.

Next summer there is likely to be a similar situation, with a large anniversary conference
for the Department of Combinatorics and Optimization at the University of Waterloo June
18-23. Since Waterloo can be reached in one day’s long drive, we will likely take many of the
graduate students to this conference.

The hiatus for two sessions was mostly beneficial, in that the students who attended re-
turned from the conference with some good open problems, and progress was made on several
of them. On the other hand, the lack of active sessions at that point delayed the acceleration
of research progress. Progress happened fast in mid-to-late July and overcame this difficulty.

This summer we started with two-hour sessions, but with one hour for presentation of
problems there wasn’t quite enough time for discussion of them in the first couple of weeks.
Several students later felt that they didn’t get into the problems enough in the early stages.
We settled on 2.5 hours as the right length after that. This will be the plan in the future,
starting the summer with sessions consisting of one hour for problem presentations and 1.5
hours for discussion.

I learned also that the first few problems presented should be short ones, so that students
have a variety of problems to consider in the initial sessions. This lessons the danger of them
all coalescing on one appealing problem.

There are several difficulties with such a large group. The room was rather noisy; it can
be fun to hear all the sound of activity, but sometimes it was hard to hear. More seriously, it
was difficult to keep on top of what everyone was doing. As a result, I spent less time with the
large groups who seemed to have plenty to discuss and focused more on generating ideas for the
smaller groups of one or two people. I also spent more effort than in the past on maintaining
a file of who was interested in what, so I could get students together who were interested in
the same problem. Finally, with almost 20 regular participants, there were several appealing
problems that attracted large groups. In the largest group, in fact everyone contributed to the
results, but seven people is too big to be optimal.

The good side is that with the large size, some of the groups were relatively independent.

This year for the first time I sent the students daily summaries of the problems that had
been presented. This was very beneficial, as students who could not always be present could
keep up and join in when they arrived. Portions of these summaries will eventually be posted
on the web page of open problems that I maintain.

It is perhaps worth noting that although problems in several areas of combinatorics were
presented, the results were essentially all in graph theory. These are the problems that the
students found interesting to talk about.
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One student report mentions the value of having problems presented throughout most of
the summer, instead of spending the early sessions entirely on presentation of problems as we
did in 2004. He writes that this “allow[ed] students to work on one for a while and then move
on to another that seemed interesting without having to join a pre-existing group that had
already been working on it.” The results suggests that this is an effective model.

I comment again on the value of the REGS group for post-doc mentoring. Stephen Hartke
participated actively this summer and last. He provides additional faculty power for guiding
the students, and he learns how to guide research by giving such guidance. This is similar
to the experience that advanced graduate students bring to the group, but it is even more
effective.

The reports from the students describe some of the benefits of the experience and some
of the results they obtained. One student discovered through attending the REGS group that
he does not want to pursue a career in mathematical research. This is a successful outcome;
better to discover this early than after several years of floundering.

Results

Here I briefly describe the areas in which this summer’s students worked. In the first nine
or ten topics, the results so far are substantial enough for journal publication.

Coloring squares of subcubic planar graphs (Daniel Cranston, Seog-Jin Kim). Consider
planar graphs with maximum vertex degree 3. In the square of a graph G, vertices x and y

are made adjacent if they have a common neighbor in G. The girth of a graph is the minimum
length of a cycle. Cranston and Kim improved (lowered) the girth thresholds for a subcubic
planar graph G that are known to guarantee that the list chromatic number of G2 is at most
k, for both k = 6 and k = 7. Cranston will present this in our seminar Sept. 5.

Overlap number of graphs (Daniel Cranston, Nitish Korula, Tim LeSaulnier, Kevin Milans,
Chris Stocker, Jennifer Vandenbussche, Douglas West). The overlap number is a new param-
eter discussed in a talk at DM06 by Bill Rosgen about his masters thesis. Jenn presented it
to the group fairly late in the summer, but results were rapidly proved, generally improving
everything that was known before about the parameter. Each vertex of a graph is assigned a
set so that vertices are adjacent if and only if the corresponding sets “overlap”, meaning they
intersect but neither contains the other. The overlap number is the minimum size of the union
of the assigned sets. The intersection number is a long-studied analogue in which edges arise
whenever the assigned sets intersect, regardless of containment.

The main results include (1) an algorithm to compute the overlap number for all trees,
(2) the maximum value of the overlap number over n-vertex graphs (up to a small additive
constant), and (3) the maximum value of the overlap number over n-vertex planar graphs (up
to a small additive constant). Work continues toward making the results exactly sharp. I will
present these results in an invited lecture at the Clemson Mini-Conference in October.

Triangulation-compatible trees (Tim LeSaulnier, Chris Stocker, Paul Wenger, Douglas
West). Paul Wenger presented this problem early in the summer from a preprint by Skupien.
Mike Barrus and Mohit Kumbhat also participated in early discussions but became less active
as they concentrated on other problems. Two trees are triangulation-compatible if there is a
triangulation (a maximal planar graph) whose vertices can be partitioned into two sets so that
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the induced subgraphs are these two trees. The prior results characterized which trees are
compatible with each star K1,n.

The students showed quickly that every tree is compatible with a sufficiently long path.
The problem is then to find the shortest path with which a tree T is compatible, or equivalently
to characterize the trees compatible with each path Pn. Nontrivial upper and lower bounds
have been obtained, but determining when they are optimal is surprisingly subtle. Good results
have been obtained here, and the task is now to get the students to turn them into a paper.

Degree-splittability of k-regular graphs (Jeong-Ok Choi, Lale Ozkahya). Prompted by a
question from Joe Malkevitch, in REGS 2004 I suggested studying when a graph can be decom-
posed into two subgraphs with the same degree lists. With Weiting Cao, these two students
studied the question then for caterpillars. They had interesting numerical conditions, but when
they could not complete the characterization they gave up on the investigation. This summer
I asked these two to return to the idea, and they thought about it for regular graphs of odd
degree (it is trivial for even degree). They found a nice proof that 3-regular graphs are always
degree-splittable and some sufficient conditions for 5-regular graphs. I hope they will take this
farther, but already they have a publishable result.

List-splittability of digraphs (Jeong-Ok Choi, André Kündgen, Kevin Milans, Douglas
West). André and I developed this problem and initial results when I visited him in California
before the summer. It grew out of attempts to attack a famous conjecture about decomposing
graphs into trees. We say that a digraph is (k, l)-splittable if, whenever sets of size k + l are
assigned to the vertices, it is possible to split each set into a source part of size k and a sink
part of size l such that for every directed edge xy, the source part for x and the sink part for
y are disjoint. Among other results, André and I characterized the (1, 1)-splittable digraphs
and applied that to the motivating tree-decomposition problem.

One quickly asks the question of whether every digraph is (k, l)-splittable for some pair
(k, l). Since dropping edges makes a split easier to find, this reduces to studying the doubly-
directed complete graph, which in turn reduces to a matrix problem. An r-block is a 0,1-matrix
whose rows each have r 1s. The reduction is that all n-vertex digraphs are (k, l)-splittable
if and only if every (k + l)-block with n rows decomposes into a k-block and an l-block by
grouping the columns into two sets.

We have two main results. (1) Every (k + l)-block with four rows is (k, l)-splittable if and
only if kl is a multiple of 6 and neither of {k, l} equals 1. (2) Every 2k-block with n rows is
(k, k)-splittable if k is a multiple of a number rn that grows doubly-exponentially in n.

Minimum-Sum Vertex Cover (Daniel Cranston). This problem was presented at DM06
by Ralucca Gera. Dan Cranston worked on it during the summer and obtained quite strong
results. The vertices of an n-vertex graph are numbered 1 through n in some order. The weight
assigned to each edge is the lesser of the labels on its endpoints. The problem is to order the
vertex labels so as to minimize the sum of the edge weights.

Cranston extended upper and lower bounds that Rosgen had for regular graphs to apply
to all graphs. He also used them to compute the optimal weight exactly on various special
classes of graphs. For generalized Petersen graphs, this involved determining the independence
number, which is an interesting result in its own right and surprisingly seems to be unknown.

Dynamic domination (Erin Chambers, Bill Kinnersley, Noah Prince). This is my name
for a problem that Mike Barrus heard at DM06 and presented to the group for others to work
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on. A dominating set of vertices in a graph is a set such that every vertex outside the set has
a neighbor in it. The idea is that a guard at a vertex can also guard the neighboring vertices.
In this problem, an unknown sequence of attacks (or service requests) will arrive at vertices of
the graph. When a request arrives, some guard must serve it (by moving distance at most 1),
and all other guards also have the opportunity to move to a neighboring vertex to reestablish a
dominating set. The question is how many guards are needed so that any sequence of requests
can be satisfied in this way.

The students obtained results on this parameter for numerous classes of graphs. The
results and methods are analogous to last year’s invesigation of “roman domination”, another
parameter with a similar flavor. I participated in that investigation, but the students did this
one on their own.

Nomadic decompositions (Daniel Cranston). This problem was posed by Adrian Bondy
in a problems session of a conference several years ago that I edited this spring for Discrete

Math. One wants to find a decomposition of a graph or digraph into spanning cycles (or
nearly-spanning cycles) such that one can start nomads at some vertex of each cycle so that in
traveling the cycles one edge at each time step they will never meet. Cranston gave answers
or partial answers to several of Bondy’s questions.

(2, 1)-total-labeling of graphs (Qi Liu, Hehui Wu, Gexin Yu). In ordinary proper color-
ing, one wants to label the vertices so that adjacent vertices have different colors. A stronger
requirement is (2, 1)-labeling, in which integer labels are used, the labels of adjacent vertices
must differ by at least 2, and the labels of nonadjacent vertices with a common neighbor must
differ by at least one. A (2, 1)-total-labeling is a coloring of the vertices and the edges so that
adjacent vertices have distinct colors, incident edges have distinct colors, and the color on a
vertex differs from the colors on its incident edges by at least 2 (it is a (2, 1)-labeling of the
graph obtained by subdividing each edge).

The problem, presented to the group by Ryan Stout, is to minimize the span (max−min)
of the labels used. There are many results and many hard conjectures. Liu, Wu, and Yu worked
on hard conjectures but eventually wound up with some small results. They computed the
(2, 1)-total-labeling number for all complete bipartite graphs and for some trees. This could
become a short note.

First-fit chromatic number (Jozsef Balogh, Stephen Hartke, Qi Liu, Gexin Yu). Qi Liu
presented problems in this topic to the REGS group. A proper coloring of a graph can be
obtained by coloring the vertices in some order, always using the least-indexed color that has
not already been used on a neighbor. The first-fit chromatic number is the maximum, over
all vertex orderings, of the number of colors used by this process. The concept is related to
on-line algorithms. Qi presented many interesting problems that remain open. The work by
this group originated in the problems seminar led by Prof. Balogh during the spring, and a
paper is being written.

Acyclic colorings of directed planar graphs (Stephen Hartke, Hemanshu Kaul, Jennifer
Vandenbussche). The conjecture is that the vertices of a planar digraph can be 2-colored so
that the digraph induced by each color class is acyclic. Some interesting lemmas were gener-
ated, but no solid results yet.
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Packable degree lists (Michael Barrus, Stephen Hartke, Hemanshu Kaul, Mohit Kumbhat).
I adapted a problem I heard from Garth Isaak at DM06. Say that two graphic lists of length
n (lists of numbers realizable as the vertex degrees of an n-vertex graph) pack if some graphs
realizing them occur as subgraphs of the complete graph Kn with no common edges. The term
“pack” is motivated by famous conjectures about packing specified graphs. It was proved that
in some cases, the two lists pack if and only if it can be done by putting the low-degree vertices
of one at the high-degree vertices of the other, in order.

Degree-sequence-forcing sets (Michael Barrus, Stephen Hartke, Mohit Kumbhat). This
was a continuation of a project from last summer.

Students thought about a number of other problems with less success. Participants who
thought about other problems include Eduardo Caro, Younjin Kim, Suil O, and Ryan Stout.

Suil O and Younjin Kim worked on studying material on circular coloring, without par-
ticipating in much discussion. After reading papers about it, Suil O explained to me the proof
of a famous conjecture about ordinary coloring; there are now numerous proofs, and all using
combinatorial topology. The end result is that I have added a new section on this to the
textbook for Math 580.

Eduardo Caro and Ryan Stout worked mostly on their own, studying particular problems
that other students did not get excited about. I was unsuccessful at getting them involved in
larger group discussions.

Nevertheless, this summer produced more publishable results and a higher proportion of
people involved in at least one publishable result than either of the past two summers.

Respectfully submitted,

Douglas B. West


