
CHOW-KÜNNETH DECOMPOSITION FOR UNIVERSAL

FAMILIES OVER PICARD MODULAR SURFACES
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Abstract. We discuss conditions for the existence of an absolute Chow-
Künneth decomposition for complete degenerations of families of Abelian
threefolds with complex multiplication over a particular Picard Modu-
lar Surface studied by Holzapfel. In addition to the work of Gordon,
Hanamura and Murre we use Relatively Complete Models in the sense of
Mumford-Faltings-Chai of Picard Modular Surfaces in order to describe
complete degenerations of families of abelian varieties. We furthermore
prove vanishing results for cohomology groups of irreducible representa-
tions of certain arithmetic subgroups in SU(2, 1) using the non–compact
Simpson type correspondence between the L2–Higgs cohomology of the
underlying VHS and the L2–de Rham cohomology resp. intersection co-
homology of local systems.

1. Introduction

In this paper we discuss conditions for the existence of absolute Chow-
Künneth decompositions for families over a particular Picard modular sur-
face. We prove the existence of a partial set of orthogonal idempotents under
the assumption of the motivic decomposition theorem, which essentially as-
serts that there exist relative Chow–Künneth projectors. As in [9] the main
obstacles are the understanding of compactifications and vanishing theorems
for certain local systems over the base. We also sketch how to obtain relative
Chow–Künneth projectors using the method of Deninger and Murre [4] and
the extension of Gordon, Hanamura and Murre.
These families can be seen either as complete degenerations of families of Pi-
card curves (see section 5) or as complete degenerations of families of Abelian
threefolds with complex multiplication (see sections 2-4). Both aspects will
be used in the sequel. The contents of this paper are as follows:
In section 2 we present notations, definitions and known results concern-
ing Picard Modular surfaces and the universal Abelian schemes above them.
Section 3 first gives a short introduction to Chow Motives and the Murre
Conjectures and then proceeds to our case in paragraph 3.2. We describe the
method of proof of our main theorem 7.1. The remainder of the paper will
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then be devoted to the proof of Theorem 7.1:
In paragraph 3.3 two necessary monodromy conditions are proved. In sec-
tion 4 we give a description of toroidal degenerations of families of Abelian
threefolds with complex multiplication. This is needed to modify conditions
(1) and (2) of Theorem 3.6. In section 5 we describe the geometry of a class
of Picard modular surfaces which have been studied by Holzapfel. In sec-
tion 6 we prove vanishing results for intersection cohomology using the non–
compact Simpson type correspondence between the L2–Higgs cohomology of
the underlying VHS and the L2–de Rham cohomology resp. intersection co-
homology of local systems. Finally in section 7 the results of section 6 are
put together to prove a sufficient modification of condition (7) of Theorem
3.6. This completes the proof of our main theorem. The appendix (section
8) gives an explicit description of the L2–Higgs complexes needed for the
vanishing results of section 6.

2. The Picard modular surface

In this section we are going to introduce the Picard modular surface X = XΓ

and the universal abelian scheme A of fibre dimension 3 over X. For proofs
and further references we refer to [7].
Let E be an imaginary quadratic field with ring of integers OE. The Picard
modular group is defined as follows. Let V be a 3-dimensional E-vector
space and L ⊂ V be an OE-lattice. Let J : V × V → E be a nondegenerate
Hermitian form of signature (2, 1) which takes values in OE if it is restricted
to L × L. Now let G′ = SU(J, V )/Q be the special unitary group of (V, φ).
This is a semisimple algebraic group over Q and for any Q-algebra A its
group of A-rational points is

G′(A) = {g ∈ SL(V ⊗Q A) | J(gu, gv) = J(u, v), for allu, v ∈ V ⊗Q A}.

In particular one has G′(R) ' SU(2, 1). The symmetric domain H associated
to G′(R) can be identified with the complex 2-ball as follows. Let us fix once
and for all an embedding E ↪→ C and identify E ⊗Q R with C. This gives
V (R) the structure of a 3-dimensional C-vector space and one may choose
a basis of V (R) such that the form J is represented by the diagonal matrix
[1, 1,−1]. As H can be identified with the (open) subset of the Grassmannian
Gr1(V(R)) of complex lines on which J is negative definite, one has

H ' {(Z1, Z2, Z3) ∈ C3 | |Z1|
2 + |Z2|

2 − |Z3|
2 < 0}/C∗.

This is contained in the subspace, where Z3 6= 0 and, switching to affine
coordinates, can be identified with the complex 2-ball

B = {(z1, z2) ∈ C2 | |z1|
2 + |z2|

2 < 1}.

Using this description one sees that G′(R) acts transitively on B.
The Picard modular group of E is defined to be G′(Z) = SU(J, L), i.e. the
elements g ∈ G′(Q) with gL = L. It is an arithmetic subgroup of G(R) and
acts properly discontinuously on B. The same holds for any commensurable
subgroup Γ ⊂ G′(Q), in particular if Γ ⊂ G′(Z) is of finite index the quotient
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XΓ(C) = B/Γ is a non-compact complex surface, the Picard modular surface.
Moreover, for torsionfree Γ it is smooth.
We want to describe XΓ(C) as moduli space for polarized abelian 3-folds
with additional structure. For this we will give a description of XΓ(C) as the
identity component of the Shimura variety SK(G,H).
Let G = GU(J, V )/Q be the reductive algebraic group of unitary similitudes
of J, i.e. for any Q-algebra A

G′(A) = {g ∈ GL(V ⊗Q A) | there exists µ(g) ∈ A∗ such that

J(gu, gv) = µ(g)J(u, v), for all u, v ∈ V ⊗Q A}.

As usual A denotes the Q-adeles and Af denotes the finite adeles. Let K be
a compact open subgroup of G(Af), which is compatible with the integral
structure defined by the lattice L. I.e., K should be in addition a subgroup
of finite index in G(Ẑ) := {g ∈ G(Af) | g(L⊗Z Ẑ) = L⊗Z Ẑ}. Then one can
define

SK(G,H)(C) := G(Q)\H ×G(Af)/K.

This can be decomposed as SK(G,H)(C) =
∐n(K)

j=1 XΓj
(C).

The variety SK(G,H)(C) has an interpretation as a moduli space for certain
3-dimensional abelian varieties. Recall that over C an abelian variety A
is determined by the following datum: a real vector space W (R), a lattice
W (Z) ⊂ W (R), and a complex strucuture j : C× → AutR(W (R))), for
which there exists a nondegenerate R−bilinear skew-symmetric form ψ :
W (R) ×W (R) → R taking values in Z on W (Z) such that the form given
by (w,w′) 7→ ψ(j(i)w,w′) is symmetric and positive definite. The form ψ
is called a Riemann form and two forms ψ1, ψ2 are called equivalent if there
exist n1, n2 ∈ N>0 such that n1ψ1 = n2ψ2. An equivalence class of Riemann
forms is called a homogeneous polarization of A.
An endomorphism of a complex abelian variety is an element of
EndR(W (R)) preserving W (Z) and commuting with j(z) for all z ∈ C×.
A homogenously polarized abelian variety (W (R),W (Z), j, ψ) is said to have
complex multiplication by an order O of E if and only if there is a homomor-
phism m : O → End(A) such that m(1) = 1, and which is compatible with
ψ, i.e. ψ(m(αρ)w,w′) = ψ(w,m(α)w′) where ρ is the Galois automorphism
of E induced by complex conjugation (via our fixed embedding E ↪→ C.) We
shall only consider the case O = OE in the following.
One can define the signature of the complex multiplication m, resp. the
abelian variety (W (R),W (Z), j, ψ,m) as the signature of the hermitian form
(w,w′) 7→ ψ(w, iw′) + iψ(w,w′) on W (R) with respect to the complex struc-
ture imposed by m via O ⊗Z R ' C. We write m(s,t) if m has signature
(s, t).

Finally for any compact open subgroup K ⊂ G(Ẑ) as before one has the no-
tion of a level-K structure on A. For a positive integer n we denote by An(C)
the group of points of order n in A(C). This group can be identified with
W (Z)⊗ Z/nZ and taking the projective limit over the system (An(C))n∈N>0
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defines the Tate module of A :

T (A) := lim
←−

An(C) ' W (Z)⊗ Ẑ.

Now two isomorphisms ϕ1, ϕ2 : W (Z)⊗ Ẑ ' L ⊗ Ẑ are called K-equivalent
if there is a k ∈ K such hat ϕ1 = kϕ2 and a K-level structure on A is just a
K-equivalence class of these isomorphisms.

Proposition 2.1. For any compact open subgroup K ⊂ G(Ẑ) there is a
one-to-one correspondence between

(1) the set of points of SK(G,H)(C) and
(2) the set of isomorphism classes of (W (R),W (Z), j, ψ,m(2,1),ϕ) as above.

Proof. [7, Prop.3.2] �

Remark 2.2. If we take

KN := {g ∈ G(Af) | (g − 1)(L⊗Z Ẑ) ⊂ N · (L⊗Z Ẑ)},

then a level–K structure is just the usual level-N structure, namely an iso-
morphism AN(C) → L ⊗ Z/NZ. Moreover KN ⊂ G(Q) = ΓN , where ΓN is
the principal congruence subgroup of level N, i.e. the kernel of the canon-
ical map G′(Z) → G′(Z/NZ). In this case the connected component of the
identity of SKN

(G,H) is exactly XΓN
(C).

We denote with AΓ the universal abelian scheme over XΓ(C). In section 4
the compactifications of these varieties will be explained in detail. For the
time being we denote them with XΓ and AΓ.
As the group Γ will be fixed throughout the paper we will drop the index Γ
if no confusion is possible.

3. Chow motives and the conjectures of Murre

Let us briefly recall some definitions and results from the theory of Chow
motives.
For a smooth projective variety Y over a field k let CHj(Y ) denote the Chow
group of algebraic cycles of codimension j on Y modulo rational equivalence,
and let CHj(Y )Q := CHj(Y ) ⊗ Q. For a cycle Z on Y we write [Z] for its
class in CHj(Y ). We will be working with relative Chow motives as well, so
let us fix a smooth connected, quasi-projective base scheme S → Spec k. If
S = Spec k we will usually omit S in the notation. Let Y, Y ′ be smooth
projective varieties over S. For ease of notation (and as we will not consider
more general cases) we may assume that Y is irreducible and of relative
dimension g over S. The group of relative correspondences from Y to Y ′ of
degree r is defined as

Corrr(Y ×S Y
′) := CHr+g(Y ×S Y

′)Q.

Every S-morphism Y ′ → Y defines an element in Corr0(Y ×S Y
′) via the

class of the transpose of its graph. In particular one has the class [∆Y/S ] ∈

Corr0(Y ×S Y ) of the relative diagonal.
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Using the relative correspondences one proceeds as usual to define the cate-
goryMS of (pure) Chow motives over S. The objects of this pseudoabelian
Q-linear tensor category are triples (Y, p, n) where Y is as above, p is a projec-
tor, i.e. an idempotent element in Corr0(Y ×SY ), and n ∈ Z. The morphisms
are

HomMS
((Y, p, n), (Y ′, p′, n′)) := p′ ◦ Corrn′−n(Y ×S Y

′) ◦ p.

When n = 0 we write (Y, p) instead of (Y, p, 0), and h(Y ) := (Y, [∆Y ]).

Definition 3.1. For a smooth projective variety Y/k of dimension d a Chow-
Künneth-decomposition of Y consists of a collection of pairwise orthogonal
projectors π0, . . . , π2d in Corr0(Y × Y ) satisfying

(1) π0 + . . .+ π2d = [∆Y ] and
(2) for some Weil cohomology theory H∗ one has πi(H

∗(Y )) = H i(Y ).

If one has a Chow-Künneth decomposition for Y one writes hi(Y ) = (Y, πi).
Towards the existence of such decomposition one has the following conjecture
of Murre:

Conjecture 3.2. Let Y be a smooth projective variety of dimension d over
some field k.

(1) There exists a Chow-Künneth decomposition for Y
(2) For all i < j and i > 2j the action of πi on CHj(Y )Q is trivial, i.e.

πi · CH
j(Y )Q = 0.

(3) The induced j step filtration on F νCHj(Y )Q := Kerπ2j∩· · ·∩Kerπ2j−ν+1

is independent of the choice of the Chow–Künneth projectors, which
are in general not canonical.

(4) The first step of this filtration should give exactly the subgroup of
homological trivial cycles CH j(Y )Q in CHj(Y )Q.

There are not many examples for which these conjectures have been proved,
but they are known to be true for surfaces [22], in particular we know that
we have a Chow-Künneth decomposition for X.
The main result we are going to prove is:

Theorem 3.3. Under the assumption of the motivic decomposition theorem
A has a partial Chow–Künneth decomposition, including the projectors πi for
i 6= 4, 5, 6 as in Part (1) of Murre’s conjecture.

See the section 7 for a more precise statement.

3.1. First over the open smooth part X ⊂ X one has the relative projectors
constructed by Deninger and Murre in [4], see also [15].
Let S be a fixed base scheme as in section 3. We will now state some results
on relative Chow motives in the case that A is an abelian scheme of fibre
dimension g over S. Firstly we have a functorial decomposition of the relative
diagonal ∆A/S .
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Theorem 3.4. There is a unique decomposition

∆A/S =

2g
∑

s=0

Πi in CHg(A×S A)Q

such that (idA × [n])∗Πi = niΠi for all n ∈ Z. Moreover the Πi are mutually
orthogonal idempotents, and [tΓ[n]]◦Πi = niΠi = Πi◦[

tΓ[n]], where [n] denotes
the multiplication by n on A.

Proof. [4, Thm. 3.1] �

Putting hi(A/S) = (A/S,Πi) one has a Poincaré-duality for these motives.

Theorem 3.5. (Poincaré-duality)

h2g−i(A/S)∨ ' hi(A/S)(g)

Proof. [15, 3.1.2] �

3.2. We now turn back to our specific situation. From Theorem 3.4 we have
the decomposition ∆A/X = Π0 + . . .+ Π6.
We will have to extend these relative projectors to absolute projectors. The
first part of the proof will be modelled on [9, 1.3], where Hilbert modu-
lar varieties are considered. The second part uses a non-compact Simpson
type correspondence between the L2-Higgs cohomology of the underlying
variation of Hodge structures and the L2-de Rham cohomology (respectively
intersection cohomology) of local systems in order to show vanishing of the
cohomology groups mentioned in (4) of Theorem 3.6.
The following theorem of [9] (slightly weakened in (7) and modified in (1)
and (2)) will be used in the proof of our main theorem 7.1.

Theorem 3.6. Let p : A → X as above satisfy the following conditions:

(1) The irreducible components of X −X are smooth toric projective va-
rieties.

(2) The irreducible components of A−A are smooth projective toric va-
rieties.

(3) The variety A/X has a relative Chow-Künneth decomposition.
(4) X has a Chow-Künneth decomposition over k.
(5) If x is a point of X the natural map.

CHr(A)→ H2r
B (Ax(C),Q)πtop

1
(X,x)

is surjective for 0 ≤ r ≤ d = dimA− dimX.

(6) For i odd, H i
B(Ax(C),Q)πtop

1
(X,x) = 0.

(7) Let ρ be an irreducible, non-constant representation of πtop
1 (X, x) and

V the corresponding local system on X. Assume that V is contained
in the i–th exterior power Rip∗Q = ΛiR1p∗Q of the monodromy rep-
resentation for some 0 ≤ i ≤ 2d. Then Hq(X,V) = 0, if q 6= dimX.
Equivalently, the intersection cohomology H q(X,V) = 0 if q 6= dimX.

Under these assumptions A has a Chow-Künneth decomposition over k.
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Note that we will have to weaken conditions (1) and (2) of the above theorem
to torus fibrations over an elliptic curve.
Note further that condition (4) holds in our case because of the existence of
Chow-Künneth projectors for surfaces (see [22]). Conditions (5) and (6) will
be the content of the next paragraph on monodromy.
Finally condition (7) of the above theorem will be shown for all i 6= 3.

3.3. Monodromy. In this paragraph we want to consider the Betti coho-
mology of the fibres and its behaviour under the action of the topological
fundamental group. More precisely, let x ∈ X be some point and con-
sider the fibre Ax, an abelian variety of dimension 3. The Betti cohomology
groups H∗

B(Ax(C),Q) carry an action of the topological fundamental group
πtop

1 (X, x). The algebraic cycles, i.e. the images of α ∈ CH j(A) under the
cycle class map are invariant under this action.
We want to prove the following lemma:

Lemma 3.7. (1) For 0 ≤ j ≤ d = 3, the cycle class map

CHj(A)→ H2j
B (Ax(C),Q)πtop

1
(X,x)

is surjective.

(2) For odd j, the groups H j
B(Ax(C),Q)πtop

1
(X,x) vanish.

Proof. The proof is just as in the situation of [9]. The variety X is the
quotient of the twoball by some arithmetic subgroup Γ of G′(Q). So we know
that the fundamental group πtop

1 (X, x) is a dense subgroup of G′(Q). Now
recall that the Hodge group of the complex abelian variety Ax(C) is defined
to be the Hodge group of W := H1(Ax(C),Q). By construction of the fibre
variety the Hodge group of a general fibre Ax coincides with G′(Q). Therefore
this discussion implies that the cycles in H i

B(Ax(C),Q) invariant under the
action of the fundamental group are just the Hodge cycles. So we know that
for odd i we have no such cycles. If i is even, the cycles are all algebraic by
results of Ribet. �

4. The universal abelian scheme and its compactification

In this section we will discuss conditions (1) and (2) of Theorem 3.6, which
we can’t use as they stand. They will be weakened to cover toric fibrations
over an elliptic curve. The main reference for this section is [19].
Before we start note that condition (3) of Theorem 3.6 holds because of
the work of Deninger and Murre ([4]) on Chow-Künneth decompositions of
Abelian schemes.

Now condition (1) of Theorem 3.6 is replaced by the following theorem from
[19] (see also [10]):

Theorem 4.1. For each boundary component of a Picard modular surface
the following holds. With the standard notations from [1] (see also [19])
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(Γ1/Γ0)\(Γ0\D)

is isomorphic to a punctured disc bundle over a CM elliptic curve A.
A toroidal compactification

(Γ1/Γ0)\(Γ0\D){σα}

is obtained by closing the disc with a copy of A (e.g. adding the zero section
of the corresponding line bundle).

We now turn to condition (2). Let P̃ be a relatively complete model of
an ample degeneration datum associated to our moduli problem (see [21]
and [6] for the notion of relatively complete model and [19] for the ample
degeneration datum we need here).
In [19] the following theorem is proved.

Theorem 4.2. (i) The generic fibre of P̃ is given by a fibre-bundle over
a CM elliptic curve E, whose fibres are countably many irreducible
components of the form P, where P is a P1-bundle over P1.

(ii) The special fibre of P̃ is given by a fibre-bundle over the CM elliptic
curve E, whose fibres consist of countably many irreducible compo-
nents of the form P1 × P1.

We especially see that X − X and A − A both are toric fibrations over an
elliptic curve E. This will be used in section 7.

5. Holzapfel’s example

Let X be a smooth complex Picard modular surface with compactification
X and boundary divisor D ⊆ X a normal crossing divisor. We restrict our
attention to the surfaces which were discussed by Picard [23], Hirzebruch [11]
and Holzapfel [12, 13]. These surfaces are compactifications of ball quotients
B/Γ and Γ is a subgroup of SU(2, 1;O) with O = Z⊕Zω, ω = exp(2πi/3) the
ring of Eisenstein numbers. In the case Γ = SU(2, 1;O), the quotient B/Γ is
P2\ 4 points, an open set of which is U = P2 \∆ and ∆ is a configuration of
6 lines (not a normal crossing divisor). U is a natural parameter space for a
family of Picard curves

y3 = x(x− 1)(x− s)(x− t)

of genus 3 branched over 5 (ordered) points 0, 1, s, t,∞ in P1. The parameters
s, t are coordinates in the affine set U . If one looks at the subgroup

Γ′ = Γ ∩ SL(3,C),

then D = B/Γ′ has a natural compactification X with a smooth boundary
divisor D consisting of 4 disjoint elliptic curves E0+E1+E2+E3, see [12, 13].
This surface X is birational to a covering of P2 \∆ and hence carries a family
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of curves over it. If we pass to yet another subgroup Γ′′ ⊂ Γ of finite index,
then we obtain a Picard modular surface

X =
˜̃
E × E

with boundary D a union of 6 elliptic curves which are the strict transforms
of the following 6 curves

T1, Tω, Tω2 , E × {Q0}, E × {Q1}, E × {Q2}

on E × E in the notation of [12, page 257]. The properties of the modular
group Γ′′ are described in [12, remark V.5]. In particular it acts freely on
the ball. X is the blowup of E ×E in the three points (Q0, Q0) (the origin),
(Q1, Q1) and (Q2, Q2) of triple intersection.
In order to proceed, we need to know something about the Picard group of
X.

Lemma 5.1. In NS(E × E) one has the relation

T1 + Tω + Tω2 = 3(0× E) + 3(E × 0).

Proof. Since E has complex multiplication by Z[ω], the Néron–Severi group
has rank 4 and divisors T1, Tω, 0×E and E × 0 form a basis of NS(E ×E).
Using the intersection matrix of this basis, the claim follows. �

Note that E has the equation y2z = x3 − z3. On E we have an action of ω
via (x : y : z) 7→ (ωx : y : z). E maps to P1 using the projection

p : E → P1, (x : y : z) 7→ (y : z)

This action has 3 fixpoints Q0 = (0 : 1 : 0) (the origin), Q1 = (0 : i : 1)
and Q2 = (0 : −i : 1) which are triple ramification points of p. Therefore
one has 3Q0 = 3Q1 = 3Q2 in CH1(E). If we denote by σ : X → E × E the
blowup in the three points (Q0, Q0), (Q1, Q1) and (Q2, Q2), then we denote
by Z = Z1 + Z2 + Z3 the union of all exceptional divisors. We get:

σ∗T = D1 + Z, σ∗Tω = D2 + Z, σ∗Tω2 = D3 + Z,

and

σ∗E ×Q0 = D4 + Z1, σ
∗E ×Q1 = D5 + Z2, σ

∗E ×Q2 = D6 + Z3.

Now look at the line bundle KX +D. Since

KX = σ∗KE×E + Z +D = Z +D,

we compute

KX +D =
6

∑

i−1

Di +
3

∑

j=1

Zj.

The first sum,

D1 +D2 +D3 = −3Z + σ∗(T1 + Tω + Tω2) = −3Z + 3σ∗(0× E + E × 0).
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is divisible by 3. Using 3Q0 = 3Q1 = 3Q2, the rest can be computed in
NS(X) as

D4 +D5 +D6 + Z = σ∗(E × 0 + E ×Q1 + E ×Q2) = 3σ∗(E × 0).

Therefore the class of KX +D in NS(X) is given by

KX +D = −3Z + 3σ∗(0× E) + 6σ∗(E × 0)

and divisible by 3. Since Pic0(X) is a divisible group, KX +D is divisible by
3 in Pic(X) and we get a line bundle L with KX + D = 3L whose class in
NS(X) is given by

L = σ∗(0× E)− Z + 2σ∗(E × 0).

If we write

σ∗(0× E) = D0 + Z1,

we obtain the equation

L = D0 +D5 +D6

in NS(X). Note that D0 intersects both D5 and D6 in one point. All Di,
i = 1, . . . , 6 have selfintersection −1 and are disjoint. L is a nef and big line
bundle, which is trivial on all components of D.

We have the rank 6 local system V = R1p∗Z corresponding to the mon-
odromy representation. The cohomology H1(C) of any Picard curve C has
a natural Z/3Z Galois action. Since the projective line has H1(P1,Z) = 0,
the local system V⊗ C decomposes into two 3–dimensional local systems

V = V1 ⊕ V2

which are conjugate to each other and not anymore defined over Q. Both of
these local systems are irreducible and non–constant. This has already been
shown by Picard [23], who computed the matrices defining V with coefficients
in the Eisenstein numbers.
Let E = E1,0 ⊕ E0,1 be the corresponding Higgs bundle with Higgs field

ϑ : E → E ⊗ Ω1
X

(logD).

This bundle is called the uniformizing bundle, see [24]. We may assume that
E1,0 is 2–dimensional and E0,1 is 1–dimensional, otherwise we permute both
factors. Then we have that

ϑ1 : E1,0 → E0,1 ⊗ Ω1
X

(logD).

is an isomorphism (cf. [17]).

Let us summarize what we have shown so far:

Corollary 5.2. KX(D) is nef and big and there is a nef and big line bundle
L with

L⊗3 ∼= KX(D).
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The class of L in NS(X)Q is given by the normal crossing divisor

D0 +D5 +D6.

The uniformizing bundle E has components

E1,0 = Ω1
X

(logD)⊗ L−1, E0,1 = L−1.

Proof. We set L = (E0,1)∗ and from the isomorphism E1,0 ∼= E0,1⊗Ω1
X

(logD)

we conclude that E1,0 = Ω1
X

(logD)⊗L−1. Taking determinants finally shows

that L⊗3 ∼= KX(D). �

6. Vanishing of intersection cohomology

Let X be Holzapfel’s surface from the previous section. We now want to
discuss the vanishing of intersection cohomology

H1(X,W)

for irreducible, non–constant local systems W ⊆ Rip∗Q.

Let V1 be as in the previous section. Denote by (E, ϑ) the corresponding
Higgs bundle with

E =
(

Ω1
X

(logD)⊗ L−1
)

⊕ L−1

and Higgs field

ϑ : E → E ⊗ Ω1
X

(logD).

Theorem 6.1. The intersection cohomology H q(X,V1) vanishes for q 6= 2.

Proof. We need only show this for q = 1, since V1 has no invariant sections,
hence H0(X,V1) = 0 and the other vanishings follow via duality

Hq(X,V1) ∼= H2dim(X)−q(X,V2)

from the analogous statement for V2. The following theorem provides the
necessary technical tool. �

Theorem 6.2 ([14]). The intersection cohomology H q(X,V1) can be com-
puted as the q–th hypercohomology of the complex

0→ Ω0(E)(2) → Ω1(E)(2) → Ω2(E)(2) → 0

on X, where E is as above. This is a subcomplex of

E
ϑ
→E ⊗ Ω1

X
(logD)

ϑ
→E ⊗ Ω2

X
(logD).

In the case where D is smooth, this is a proper subcomplex with the property

Ω1(E)(2) ⊆ Ω1
X
⊗ E.

Proof. This is a special case of the results in [14]. The subcomplex is explicitly
described in section 8. �
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Lemma 6.3. Let E be as above with L nef and big. Then the vanishing

H0(Ω1
X

(logD)⊗ Ω1
X
⊗ L−1) = 0

implies the statement of theorem 6.1.

Proof. We first compute the cohomology groups for the complex of vector
bundles and discuss the L2–conditions later. Any logarithmic Higgs bundle
E = ⊕Ep,q coming from a VHS has differential

ϑ : Ep,q → Ep−1,q+1 ⊗ Ω1
X

(logD).

In our case E = E1,0 ⊕ E0,1 and the restriction of ϑ to E0,1 is zero. The
differential

ϑ : E1,0 → E0,1 ⊗ Ω1
X

(logD)

is the identity. Therefore the complex

(E•, ϑ) : E
ϑ
→E ⊗ Ω1

X
(logD)

ϑ
→E ⊗ Ω2

X
(logD)

looks like:
“

Ω1

X
(log D) ⊗ L−1

”

⊕ L−1

↓∼= ↓
“

Ω1

X
(log D)⊗2 ⊗ L−1

”

⊕
“

L−1 ⊗ Ω1

X
(log D)

”

0

↓
“

Ω1

X
(log D) ⊗ L−1 ⊗ Ω2

X
(log D)

”

⊕
“

L−1 ⊗ Ω2

X
(log D)

”

.

Therefore it is quasi–isomorphic to a complex

L−1 0
−→S2Ω1

X
(logD)⊗ L−1 0

−→Ω1
X

(logD)⊗ Ω2
X

(logD)⊗ L−1

with trivial differentials. As L is nef and big, we have

H0(L−1) = H1(L−1) = 0.

Hence we get

H1(X, (E•, ϑ)) ∼= H0(X,S2Ω1
X

(logD)⊗ L−1)

and H2(X, (E•, ϑ)) is equal to

H0(X,KX⊗L)∨⊕H0(X,Ω1
X

(log D)⊗Ω2
X

(log D)⊗L−1)⊕H1(X,S2Ω1
X

(log D)⊗L−1).

If we now impose the L2–conditions and use the complex Ω∗
(2)(E) instead

of (E•, ϑ), the resulting cohomology groups are subquotients of the groups
described above. Since

Ω1(E)(2) ⊆ Ω1
X
⊗ E

we conclude that the vanishing

H0(X,Ω1
X

(logD)⊗ Ω1
X
⊗ L−1) = 0

is sufficient to deduce the vanishing of intersection cohomology. �

Now we verify the vanishing statement.

Lemma 6.4. In the example above we have

H0(Ω1
X

(logD)⊗ Ω1
X
⊗ L−1) = 0.
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Proof. Let σ : X → E × E be the blow up of the 3 points of intersection.
Then one has an exact sequence

0→ σ∗Ω1
E×E → Ω1

X
→ i∗Ω

1
Z → 0,

where Z is the union of all (disjoint) exceptional divisors. Now Ω1
E×E is the

trivial sheaf of rank 2. Therefore Ω1
X

(logD)⊗Ω1
X
⊗ L−1 has as a subsheaf 2

copies of Ω1
X

(logD)⊗ L−1. The group

H0(X,Ω1
X

(logD)⊗ L−1)

is zero by the Bogomolov–Sommese vanishing theorem (see [5, Cor. 6.9]),
since L is nef and big. In order to prove the assertion it is hence sufficient to
show that

H0(Z,Ω1
X

(logD)⊗ Ω1
Z ⊗ L

−1) = 0.

But Z is a disjoint union of P1’s. In our example we have KX(D) ⊗ OZ
∼=

OZ(3) since (L.Z) = 1 and therefore Ω1
Z ⊗ L

−1 ∼= OZ(−3). Now we use in
addition the conormal sequence

0→ N∗
Z → Ω1

X
(logD)|Z → Ω1

Z(log(D ∩ Z))→ 0.

Note that N ∗
Z = OZ(1). Twisting this with Ω1

Z ⊗ L−1 ∼= OZ(−3) gives an
exact sequence

0→ OZ(−2)→ Ω1
X

(logD)⊗ Ω1
Z ⊗ L

−1 → OZ(−1)→ 0.

On global sections this proves the assertion. �

So far we have only shown the vanishing of Hq(X,V1) and hence of Hq(X,V)
for q 6= 2. In order to apply the method of Gordon, Hanamura and Murre,
we also have to deal with the case ΛiV.

Theorem 6.5. Let ρ be an irreducible, non–constant representation of π1(X),
which is a direct factor in Λk(V1 ⊕ V2) for k ≤ 2. Then the intersection co-
homology group

H1(X,Vρ)

is zero.

Proof. Let us first compute all such representations: if k = 1 we have only
V1 and its dual, so we are done. If k = 2, we have the decomposition

Λ2(V1 ⊕ V2) = Λ2V1 ⊕ Λ2V2 ⊕ End(V1).

Since V1 is 3–dimensional, Λ2V1
∼= V2 and therefore the only irreducible,

non–constant representation that is new here is End0(V1), the trace–free
endomorphisms of V1. The vanishing of H1(X,End0(V1)) is a general and
well–known statement from [25]: The representation End0(V1) has regular
highest weight and therefore contributes only to the middle dimension H2.
This is also explained in [16] and for the cocompact case already in [2, ch.
VII]. Note that here we use the isomorphism between L2– and intersection
cohomology for C–VHS, a result of Cattani, Kaplan and Schmid, building
up on previous work of Zucker and Deligne. �
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The vanishing of H1(X,End0(V1)) has the following amazing consequence,
which does not seem easy to prove directly using purely algebraic methods.
In the compact case this has been shown by Miyaoka, cf. [20].

Lemma 6.6. In our situation we have

H0
L2(X,S3Ω1

X
(logD)(−D)⊗ L−3) = 0.

Proof. Write down the Higgs complex for End0(E). In degree one, a term
which contains

S3Ω1
X

(logD)(−D)⊗ L−3

occurs. Since H1 vanishes, this cohomology group must vanish too. �

Remark 6.7. For k = 3, one has

Λ3(V1 ⊕ V2) = Λ3V1 ⊕ Λ3V2 ⊕ (Λ2V1 ⊗ V2)⊕ (Λ2V2 ⊗ V1).

Here the only new irreducible and non–constant representation is

S2V1 ⊆ V1 ⊗ V1

and its dual. We would like to compute H1(X,S2V1) using a variant of
the symmetric product of the L2–complexes Ω∗(S)(2) as described in the
appendix. The Higgs complex without L2–conditions looks as follows:

“

S2Ω1

X
(log D) ⊗ L−2

”

⊕
“

Ω1

X
(log D) ⊗ L−2

”

⊕ L−2

↓
“

S2Ω1

X
(log D) ⊗ L−2 ⊗ Ω1

X
(log D)

”

⊕
“

Ω1

X
(log D) ⊗ L−2 ⊗ Ω1

X
(log D)

”

⊕
“

L−2 ⊗ Ω1

X
(log D)

”

↓
“

S2Ω1

X
(log D) ⊗ L−2 ⊗ Ω2

X
(log D)

”

⊕
“

Ω1

X
(log D) ⊗ L−2 ⊗ Ω2

X
(log D)

”

⊕
“

L−2 ⊗ Ω2

X
(log D)

”

Again many pieces of differentials in this complex are isomorphisms or zero.
For example the differential

S2Ω1
X

(logD)⊗ L−2 ⊗ Ω1
X

(logD)→ Ω1
X

(logD)⊗ L−2 ⊗ Ω2
X

(logD)

is a projection map onto a direct summand, since for every vector space W
we have the identity

S2W ⊗W = S3W ⊕
(

W ⊗ Λ2W
)

.

Therefore the Higgs complex for S2(E) is quasi–isomorphic to

L−2 0
→S3Ω1

X
(logD)⊗ L−2 0

→S2Ω1
X

(logD)⊗ L−2 ⊗ Ω2
X

(logD).

We conclude that the first cohomology is given by

H0(X,S3Ω1
X

(logD)⊗ L−2).

If we additionally impose the L2–conditions (see appendix), then we see that
the first Higgs cohomology of S2(E, ϑ) vanishes, provided that we have

H0(X,S2Ω1
X

(logD)⊗ Ω1
X
⊗ L−2) = 0.

Using

0→ σ∗Ω1
E×E → Ω1

X
→ i∗Ω

1
Z → 0
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we obtain an exact sequence

0→ H0(X,S2Ω1
X

(logD)⊗ L−2)→ H0(X,S2Ω1
X

(logD)⊗ Ω1
X
⊗ L−2)→

→ H0(Z, S2Ω1
X

(logD)⊗ Ω1
Z ⊗ L

−2).

A generalization of [20, example 3] leads to the vanishing

H0(X,S2Ω1
X

(logD)⊗ L−2) = 0.

Since Ω1
X

(logD)|Z = OZ(1)⊕OZ(2), we get

H0(Z, S2Ω1
X

(logD)⊗ Ω1
Z ⊗ L

−2) = C3,

because Ω1
X

(logD) ⊗ Ω1
Z ⊗ L−2 = OZ ⊕ 2OZ(−1) ⊕ OZ(−2). However we

are not able to decide whether these 3 sections lift to X. When we restrict
to forms with fewer poles, then the vanishing will hold for a kind of cuspidal
cohomology.

7. Proof of the Main Theorem

In paragraph 7.1 we prove our main theorem, in paragraph 7.2 we give some
indication on the proof of the motivic decomposition conjecture in our case.
Thus one may drop the assumption on the motivic decomposition conjecture
in Theorem 7.1.

7.1. From Relative to Absolute. We now state and prove our main the-
orem. Let p : A −→ X be the compactified family over Holzapfel’s surface.
Assume the motivic decomposition conjecture ([3], [8, Conj. 1.4]) for A/X.

Theorem 7.1. Under these assumptions the total space of the family p :
A −→ X supports a partial set of Chow–Künneth projectors πi for i 6= 4, 5, 6.
If H1(X,S2V1) = 0, then we obtain a complete Chow–Künneth decomposi-
tion.

Proof. By our assumptions we may assume that we have obtained a relative
Chow–Künneth decomposition with projectors Πi

α which is compatible with
the BBD decomposition theorem for each local system as in [9]. Now we
proceed by passing from relative Chow–Künneth decompositions to absolute
ones. We have to change the main argument in [9] slightly, since we cannot
assume the vanishing of the intersection cohomology group

H1(X,S2V1) ⊆ H1(X,R3p∗C).

However, using our vanishing theorem 6.5, their argument provides projectors
M2r−1, M2r

trans, M
2r
alg and projectors at infinity denoted by M i

∞. The first three

act as the identity onH∗(Rkp∗C) for r 6= 3 and k = 2r−1, 2r respectively. We
need not consider M i

∞ since they can be taken care of in the same way as in
[9]. M3 acts as the identity on the three groups H1(X,R3p∗C), H2(X,R3p∗C)
andH2(X,R3p∗C). M2 := M2

alg+M
2
trans acts as the identity onH2(X,R2p∗C)

and trivially everywhere else. Only the group H2(X,R3p∗C) contributes to
H5(A) via the Leray spectral sequence. On the other hand the two groups
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H1(X,R3p∗C) and H2(X,R2p∗C) contribute to H4(A). Therefore for the
cohomology groups H i(A) with i 6= 4, 5, 6 orthogonal idempotents πi acting
as the identity on H i(A) and zero elsewhere exist. M 2 cuts out only part
of H4(A). If however H1(X,S2V1) = 0, then we may define π4 := M2,
π5 := M3 and π6 := M2,t and we obtain, after possibly a Gram–Schmidt
process, a complete absolute Chow–Künneth decomposition. �

7.2. Motivic decomposition theorem. The goal of this paragraph is a
remark towards the proof of the motivic decomposition theorem in the case
we treat in this paper. First note that since A is an abelian variety we can
use the work of Deninger and Murre ([4]) on Chow-Künneth decompositions
of Abelian schemes to obtain relative Chow-Künneth projectors for A/X.
To actually get relative Chow-Künneth projectors for A/X, we observe the
following.
Recall our results in section 4. We showed that the special fibres over the
smooth elliptic cusp curves Di are of the form Ys = E × P1 × P1. We do not
need the cycle class map

CH∗(Ys × Ys)→ H∗(Ys × Ys)

to be an isomorphism as in [8]. Since the boundary strata on X are smooth
elliptic curves it is sufficient to know the Hodge conjecture for the special
fibres. But the special fibres are composed of elliptic curves and rational va-
rieties by our results in section 4. Therefore the methods in [8] can be refined
to work also in this case and we can drop the assumption in theorem 7.1.

Remarks 7.2. We hope to come back to this problem later and prove rela-
tive Chow–Künneth decompositions for all Picard families. The existence of
absolute Chow–Künneth decompositions however seems to be out of reach
for other examples since vanishing results will hold only for large arithmetic
subgroups, i.e., small level.

8. Appendix: Algebraic L2−sub complexes of symmetric powers

of the uniformizing bundle of a two–dimensional complex

ball quotient

X a 2-dim projective variety with a normal crossing divisor D, X = X \D;
assume that the coordinates near the divisor are z1, z2.

Consider the uniformizing bundle of a 2-ball quotient

E =
(

Ω1
X

(logD)⊗K
−1/3

X
(logD)

)

⊕ K
−1/3

X
(logD)

We consider two cases: 1) D is a smooth divisor (the case we need) and 2)
D is a normal crossing divisor.

Case 1: Assume that D is defined by z1 = 0. Taking v as the generat-

ing section of K
−1/3

X
(logD), dz1

z1

⊗ v, dz2 ⊗ v as the generating sections of
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Ω1
X

(logD)⊗ K
−1/3

X
(logD), then the Higgs field

ϑ : E → E ⊗ Ω1
X

(logD)

is defined by setting ϑ(dz1

z1

⊗v) = v⊗ dz1

z1

, ϑ(dz2⊗v) = v⊗dz2, and ϑ(v) = 0.

Clearly, if ϑ is written asN1
dz1

z1

+N2dz2, then N1(
dz1

z1

⊗v) = v, N1(dz2⊗v) = 0,

N1(v) = 0, N2(
dz1

z1

⊗ v) = 0, N2(dz2 ⊗ v) = v, N2(v) = 0; the kernel of N1 is
the subsheaf generated by dz2 ⊗ v and v. Using the usual notation, we then
have

Gr1W (N1) = generated by
dz1
z1
⊗ v

Gr0W (N1) = generated by dz2 ⊗ v

Gr−1W (N1) = generated by v.

So, one has

Ω0(E)(2) = z1{
dz1
z1
⊗ v}+ {dz2 ⊗ v}+ {v}

= KerN1 + z1E;

Ω1(E)(2) =
dz1
z1
⊗ (z1{

dz1
z1
⊗ v}+ z1{dz2 ⊗ v}+ z1{v})

+ dz2 ⊗ (z1{
dz1
z1
⊗ v}+ {dz2 ⊗ v}+ {v})

=
dz1
z1
⊗ z1E + dz2 ⊗ (KerN1 + z1E);

Ω2(E)(2) =
dz1
z1
∧ dz2 ⊗ (z1{

dz1
z1
⊗ v}+ z1{dz2 ⊗ v}+ z1{v})

=
dz1
z1
∧ dz2 ⊗ z1E,

where {x} represents the line bundle generated by an element x.

Case 2: As before, taking v as the generating section of K
−1/3

X
(logD), dz1

z1

⊗

v, dz2

z2

⊗ v as the generating sections of Ω1
X

(logD) ⊗ K
−1/3

X
(logD), then the

Higgs field

ϑ : E → E ⊗ Ω1
X

(logD)

is defined by setting ϑ(dz1

z1

⊗ v) = v⊗ dz1

z1

, ϑ(dz2

z2

⊗ v) = v⊗ dz2

z2

, and ϑ(v) = 0.

Clearly, if ϑ is written as N1
dz1

z1

+N2
dz2

z2

, then N1(
dz1

z1

⊗v) = v, N1(
dz2

z2

⊗v) = 0,

N1(v) = 0, N2(
dz1

z1

⊗ v) = 0, N2(
dz2

z2

⊗ v) = v, N2(v) = 0; the kernel of N1

(resp. N2) is the subsheaf generated by dz2

z2

⊗ v (resp. dz1

z1

⊗ v) and v. We
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then have

Gr1W (N1) = generated by
dz1
z1
⊗ v

Gr0W (N1) = generated by
dz2
z2
⊗ v

Gr−1W (N1) = generated by v

Gr1W (N2) = generated by
dz2
z2
⊗ v

Gr0W (N2) = generated by
dz1
z1
⊗ v

Gr−1W (N2) = generated by v

Gr1W (N1 +N2) = generated by (
dz1
z1

+
dz2
z2

)⊗ v

Gr0W (N1 +N2) = generated by (
dz1
z1
−
dz2
z2

)⊗ v

Gr−1W (N1 +N2) = generated by v

So, one has

Ω0(E)(2) = z1{
dz1
z1
⊗ v}+ z2{

dz2
z2
⊗ v}+ {v}

= KerN1 ∩KerN2 + z2KerN1 + z1KerN2;

Ω1(E)(2) =
dz1
z1
⊗ (z1{

dz1
z1
⊗ v}+ z1z2{

dz2
z2
⊗ v}+ z1{v})

+
dz2
z2
⊗ (z2{

dz2
z2
⊗ v}+ z1z2{

dz1
z1
⊗ v}+ z2{v})

=
dz1
z1
⊗ (z1KerN2 + z1z2KerN1) +

dz2
z2
⊗ (z2KerN1 + z1z2KerN2);

Ω2(E)(2) =
dz1
z1
∧
dz2
z2
⊗ z1z2E,

For the above two cases, it is to easy to check that ϑ(Ω0(E)(2)) ⊂ Ω1(E)(2)

and ϑ(Ω1(E)(2)) ⊂ Ω2(E)(2). Thus, together ϑ ∧ ϑ = 0, we have the complex
({Ωi(E)(2)}

2
i=0, ϑ)

0→ Ω0(E)(2) → Ω1(E)(2) → Ω2(E)(2) → 0

with ϑ as the boundary operator.
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Now we take the 2nd-order symmetric power of (E, ϑ), we obtain a new Higgs
bundle S2(E, ϑ) (briefly, the Higgs field is still denoted by ϑ) as follows,

S2(E, ϑ) = S2
(

Ω1
X

(logD)
)

⊗ K
−2/3

X
(logD)⊕

⊕Ω1
X

(logD)⊗ K
−2/3

X
(logD)⊕ K

−2/3

X
(logD).

The Higgs field ϑ maps S2(E, ϑ) into S2(E, ϑ)⊗ Ω1
X

(logD) and S2(E, ϑ)⊗

Ω1
X

(logD) into S2(E, ϑ) ⊗ Ω2
X

(logD) so that one has a complex with the
differentiation ϑ as follows

(∗) 0→ S2(E, ϑ)→ S2(E, ϑ)⊗ Ω1
X

(logD)→ S2(E, ϑ)⊗ Ω2
X

(logD)→ 0;

more precisely, one has

ϑ
(

S2
(

Ω1
X

(logD)
)

⊗K
−2/3

X
(logD)

)

⊂
(

Ω1
X

(logD)⊗ K
−2/3

X
(logD)

)

⊗ Ω1
X

(logD)

ϑ
(

Ω1
X

(logD)⊗ K
−2/3

X
(logD)

)

⊂ K
−2/3

X
(logD)⊗ Ω1

X
(logD)

ϑ
(

K
−2/3

X
(logD)

)

= 0

and

ϑ
((

S2
(

Ω1
X

(logD)
)

⊗ K
−2/3

X
(logD)

)

⊗ Ω1
X

(logD)
)

⊂
(

Ω1
X

(logD)⊗ K
−2/3

X
(logD)

)

⊗ Ω2
X

(logD)

ϑ
((

Ω1
X

(logD)⊗ K
−2/3

X
(logD)

)

⊗ Ω1
X

(logD)
)

⊂ K
−2/3

X
(logD)⊗ Ω2

X
(logD)

ϑ
(

K
−2/3

X
(logD)⊗ Ω1

X
(logD)

)

= 0

Note: Let V be a SL(2)-module, then

S2V ⊗ V ' S3V ⊕ V ⊗ ∧2V.

In general, one needs to consider the representations of GL(2); in such a case,
we can take the determinant of the representation in question, and then go
back to a representation of SL(2).
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S2(E, ϑ) = S2
(

Ω1
X

(logD)
)

⊗K
−2/3

X
(logD)

⊕Ω1
X

(logD)⊗K
−2/3

X
(logD)

⊕K
−2/3

X
(logD)

S2(E, ϑ)⊗ Ω1
X

(logD) =
(

S2
(

Ω1
X

(logD)
)

⊗ K
−2/3

X
(logD)

)

⊗ Ω1
X

(logD)

⊕
(

Ω1
X

(logD)⊗ K
−2/3

X
(logD)

)

⊗ Ω1
X

(logD)

⊕K
−2/3

X
(logD)⊗ Ω1

X
(logD)

S2(E, ϑ)⊗ Ω1
X

(logD) =
(

S2
(

Ω1
X

(logD)
)

⊗ K
−2/3

X
(logD)

)

⊗ Ω2
X

(logD)

⊕
(

Ω1
X

(logD)⊗ K
−2/3

X
(logD)

)

⊗ Ω2
X

(logD)

⊕K
−2/3

X
(logD)⊗ Ω2

X
(logD)

Assuming that the divisor D is smooth, we next want to consider the L2-
holomorphic Dolbeault sub-complex of the above complex (*):

0→ (S2(E, ϑ))(2) → (S2(E, ϑ)⊗Ω1
X

(logD))(2) → (S2(E, ϑ)⊗Ω2
X

(logD))(2) → 0,

and explicitly write down (S2(E, ϑ)⊗ Ωi
X

(logD))(2).

Note that taking symmetric power for L2-complex does not have obvious
functorial properties in general.

We will continue to use the previous notations. For simplicity, we will further
set v1 = dz1

z1

⊗ v and v2 = dz2⊗ v; we also denote e1⊗ e2 + e2⊗ e1 by e1� e2,
the symmetric product of the vectors e1 and e2.

Thus, S2
(

Ω1
X

(logD)
)

⊗ K
−2/3

X
(logD), as a sheaf, is generated by v1 � v1,

v1� v2, v2� v2; Ω1
X

(logD)⊗K
−2/3

X
(logD) is generated by v1� v, v2� v; and

K
−2/3

X
(logD) is generated by v � v. Also, it is easy to check how N1, N2 act

on these generators; as for N1, we have (Note N1v1 = v,N1v2 = 0, N1v = 0.)

N1(v1 � v1) = 2v1 � v

N1(v1 � v2) = v2 � v

N1(v2 � v2) = 0

N1(v1 � v) = v � v

N1(v2 � v) = 0

N1(v � v) = 0.

Clearly, N1 maps S2
(

Ω1
X

(logD)
)

⊗K
−2/3

X
(logD) into Ω1

X
(logD)⊗K

−2/3

X
(logD),

Ω1
X

(logD)⊗K
−2/3

X
(logD) into K

−2/3

X
(logD), and then K

−2/3

X
(logD) to 0. So,

N1 is of index 3 on the 2nd-order symmetric power S2E(as is obvious from the
abstract theory since N1 is of index 2 on E); and we then have the following
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gradings

Gr2W (N1) = generated by v1 � v1

Gr1W (N1) = generated by v1 � v2

Gr0W (N1) = generated by v1 � v, v2 � v2

Gr−1W (N1) = generated by v2 � v

Gr−2W (N1) = generated by v � v.

(Note that N1, acting on E, has two invariant (irreducible) components, one
being generated by v1, v, the other by v2, so that N1 has three invariant
components on S2E, as is explicitly showed in the above gradings.)

Now we can write down L2-holomorphic sections of S2E, namely the sections
generated by v1� v, v2� v2, v2� v, v� v, and z1S

2E; in the invariant terms,
they should be

(S2(E, ϑ))(2) = E � ImN1 + S2(KerN1) + z1S
2E.

Now it is easy to also write down (S2(E, ϑ)⊗Ω1
X

(logD))(2) and (S2(E, ϑ)⊗

Ω2
X

(logD))(2):

(S2(E, ϑ)⊗ Ω1
X

(logD))(2) =
dz1
z1
⊗ (S2(ImN1) + z1S

2E)

+dz2 ⊗ (E � ImN1 + S2(KerN1) + z1S
2E);

(S2(E, ϑ)⊗ Ω2
X

(logD))(2) =
dz1
z1
∧ dz2 ⊗ (S2(ImN1) + z1S

2E).

Similary, one can determine the algebraic L2−sub complex of Sn(E, ϑ) for
any n ∈ N.
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jectors for modular varieties, J. Reine Angew. Math., 558 (2003), pp. 1–14.
[9] B. B. Gordon, M. Hanamura, and J. P. Murre:Chow-Künneth projectors for
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