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Abstract. We show how algebraic K-theory and related theories can be de-
fined in terms of “algebraic mapping spaces” to appropriate ind-schemes.
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1. Introduction

For quasi-projective varieties X and Y over a ground field k, let Pd(X,Y ) denote
the full subcategory of the category of coherent sheaves on X×Y consisting of those
coherent sheaves F such that F is flat over X and the support of F maps properly
to X with fibers having dimension at most d. The category Pd(X,Y ) is closed
under extension inside the abelian category of all coherent sheaves and is therefore
an exact category. We write Kd(X,Y ) for the associated K-theory space. The
space Kd(X,Y ) is contravariantly functorial in the variable X, and in particular
we may consider the space

Kd(X ×∆•, Y ) :=
∣∣n 7→ Kd(X ×∆n, Y )

∣∣ ,
formed by taking the geometric realization of the simplicial space n 7→ Kd(X ×
∆n, Y ).

In this paper, we show that the space Kd(X × ∆•, Y ) arises as the “algebraic
mapping space” of X and a certain Γ-object (in the category of ind-schemes) as-
sociated to Y . That is, we show K(X × ∆•, Y ) is homotopy equivalent to the
homotopy-theoretic group completion of the Γ-space

n 7→ Hom(X ×∆n,KY,d),

for a certain Γ-object KY,d in the category of ind-schemes.
The notion of Γ-object is due to Segal [10] and will be recalled below; see also

[2]. It’s a way to encode enough information about homotopy commutativity of a
binary operation in order to construct a group-completion space which is an infinite
loop space. In our case the binary operation arises from direct sum of modules;
consequently, when the modules are not projective we are immediately led to direct
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sum K-theory, and must relate it to the ordinary K-theory, which takes all the
exact sequences of modules into account.

One important special case of our construction occurs when Y = Spec k and
d = 0, so that the resulting space K0(X × ∆•,Spec k) ∼= K(X × ∆•) gives the
K-theory of X when X is regular. (When X is not regular, one obtains a version of
Karoubi-Villamayor K-theory.) The construction in this case amounts to the fact
that K-theory can be defined in terms of the Grassmannian variety, and indeed
the ind-scheme KSpec k,0, which we will also write as Grass, is a direct limit of
Grassmannian varieties. Our result in this case is similar to the results of [8] and
[1], except that here X need not be affine.

Another important case occurs when X is taken to be Spec k and d = 0, and
the resulting space defines what we term the “Suslin K-homology” of Y , since it
is related to the Suslin homology of Y (cf. [13, Definition 5.16]). Additionally,
the space K0(∆•, Y ) bears a formal resemblance to the definition of topological
K-homology given in [11].

Taking Y to be Pn, d = 0, and X any regular variety we obtain a space that
gives rise to a candidate for the “motivic filtration” of K(X) (cf. [15]) – i.e.,
the filtration that gives rise to the “motivic Atiyah-Hirzebruch spectral sequence”
relating K-theory and motivic cohomology.

When we take Y to be a projective variety, d to be its dimension, and X to be
Spec k, then the space

Kd(∆•, Y )

is clearly homotopy equivalent to K ′(Y ), and thus the results of this paper establish
that K ′-theory (of a projective variety) may be defined by a method analogous to
that used to define Karoubi-Villamayor K-theory. (That such a result might be
possible was suggested by E. Friedlander.) More generally, (if Y is equidimensional)
the spaces

Kt(∆•, Y ), t = 0, . . . ,dimY,

form a sort of filtration of K ′(Y ) given by codimension of support, which may be
related to the filtrations considered in [3] and [7].

One consequence of realizing these various K-theory spaces as mapping com-
plexes of varieties is that we may then take other topological realizations of the
same basic construction. For example, consider the case Y = SpecC. Our con-
struction will yield a weak equivalence (for X a regular complex variety)

K(X) ∼ ΩBHom(X ×∆•,Grass)

(where ΩB gives the homotopy-theoretic group completion of a Γ-space). The
object Grass has the property that its analytic realization yields a Γ-space which is
homotopy equivalent to

∐
k BU(k). Therefore, if X is a complex projective variety,

we can define a map of Γ-spaces

Hom(X ×∆•,Grass) −→ Sing Hom(X(C),Grass(C)),(1)

where Hom(X(C),Grass(C)) is the space of continuous maps (endowed with the
compact-open topology) between the associated analytic spaces, and Sing signi-
fies taking the associated singular simplicial set. The homotopy groups of (the
homotopy-theoretic group completion of) the space

Sing Hom(X(C),Grass(C)) ∼ Sing Hom(X(C),
∐
k

BU(k))
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are the topological K-groups of X(C), and the map in (1) induces the classical map
from the algebraic K-theory of X to the topological K-theory of X(C).

More generally, the Γ-object KY,0 should be thought of as the algebraic analogue
of the Γ-space (

∐
k BU(k))⊗ Y+ (see [10] for the meaning of ⊗ here), which yields

the spectrum
(BU×Z)∧Y+,

giving the topological K-homology of a topological space Y . (Here, Y+ is the space
Y with a disjoint base point added.) Indeed, when Y is a complex variety, there is
a natural map (∐

k

BU(k)

)
⊗ Y (C)+ −→ KY,0(C)

which we conjecture is a weak equivalence (upon homotopy-theoretic group com-
pletion). If so, there would be a natural map

K0(∆•, Y ) ∼ ΩBHom(∆•,KY,0) −→ (BU×Z)∧Y (C)+

from the Suslin K-homology of Y to the topological K-homology of Y (C).
In a similar fashion, the analogue of (1) involving a regular X and Y = P

n should
provide a simple comparison map between the motivic Atiyah-Hirzebruch spectral
sequence of X and the classical Atiyah-Hirzebruch spectral sequence of X(C).

The motivation for this paper is an argument due to E. Friedlander [1] showing
that the algebraic K-theory of a smooth, affine variety X can be realized as the
algebraic mapping space from X to a direct limit of certain Grassmann varieties.
The use of Γ-objects for the construction of KY,d was inspired by an idea of A.
Suslin [12]. Additionally, the results of this paper are used by the second author
and Friedlander to define and study the total Segre class map from the algebraic
K-theory of a variety to its motivic cohomology (cf. [4]). The second author would
also like to acknowledge Rutgers University for its hospitality during the writing of
this paper.

2. The Construction

Fix quasi-projective varieties X and Y . As a preliminary step in our construction
we define

Pdgl(X,Y )

to be the full subcategory of Pd(X,Y ) consisting of those coherent sheaves F which
are generated by global sections. The category Pdgl(X,Y ) is not, in general, closed
under extension in Pd(X,Y ) and so does not inherit the structure of an exact
category from Pd(X,Y ). Nevertheless, given an epimorphism F � G of objects of
Pd(X,Y ), if F belongs to Pdgl(X,Y ), then so does G. It turns out that this property
suffices to establish that we can use Pdgl(X,Y ) to recover Kd(X×∆•, Y ), as shown
by the following lemma.

In general, for an additive category A, we use the notation K⊕(A) to refer to the
direct-sum K-theory of A, in which only split exact sequences are declared to be
exact (see [5, §4] for a precise definition). Thus we need to know that the K-theory
spaces one obtains from direct sum K-theory coincides with the usual construction
in the presence of the standard cosimplicial scheme ∆•; this is also established in
the following lemma.
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Lemma 2.1. For all quasi-projective varieties X and Y and integers d, the natural
maps

|n 7→ K⊕(Pdgl(X ×∆n, Y ))| −→ |n 7→K⊕(Pd(X ×∆n, Y ))|

−→ |n 7→ Kd(X ×∆n, Y )|
are weak equivalences.

Proof. The second map is shown to be a weak equivalence by showing that short
exact sequences may be deformed to split exact sequences using a simplicial ho-
motopy. A more general assertion and precise proof may be found in [5, Theorem
10.5]. (In the notation of that paper, one should take k∆• for the required con-
tractible simplicial ring R and Pd(X ×∆•, Y ) for the required R-linear simplicial
exact category M.)

Fix an embedding X × Y ↪→ P
m as a locally closed subscheme and let O(1)

denote the associated very ample line bundle on X × Y . Let Ri(n) denote the
full subcategory of Pd(X × ∆n, Y ) consisting of those coherent sheaves F such
that F(i) := F ⊗ O(1)⊗i belongs to Pdgl(X × ∆n, Y ). (Observe that if F is an
object of Ri(n), so is F(1).) Observe that Ri(n) is an additive category, R0(n) =
Pdgl(X ×∆n, Y ), and the union over all i of Ri(n) is Pd(X ×∆n, Y ). It therefore
suffices to establish that the map∣∣n 7→ K⊕(Ri(n))

∣∣ −→ ∣∣n 7→ K⊕(Ri+1(n))
∣∣

is a weak equivalence, for each i ≥ 0.
Let E be O(1)⊕m+1 and observe that there is a natural admissible injection

OX×Y ↪→ E(2)

defined as the restriction to X × Y of the dual of the canonical surjection

OPm(−1)⊕m+1 � OPm .
Let G denote the cokernel of the map (2). One may easily verify that, given an
object F in Ri+1(n), the objects F⊗E and F⊗G belong to Ri(n). Indeed, tensoring
with E and G determine additive functors from Ri+1(n) to Ri(n), natural in the
simplicial variable [n], and we write these functors as E and G respectively.

We claim that the map∣∣n 7→ K⊕(Ri(n))
∣∣ E∗−→

∣∣n 7→ K⊕(Ri(n))
∣∣

is homotopic to the map induced by tensoring with OX×Y ⊕G. (Here, we are now
using E to refer to the auto-functor on Ri(n) given by tensoring with E .) To see
this, we use an idea from the proof of [5, Theorem 10.4], which requires a slight
modification since the categories Ri(n) are not closed under extension in Pd(X,Y ).
Begin by forming the exact sequence

0 −→ OX×Y [t] −→ E [t] −→ G[t] −→ 0,(3)

by pulling back to X × Y ×A1 = X × Y × Spec k[t]. Now form the push-out exact
sequence by pushing out (3) along the map OX×Y [t] ·t−→OX×Y [t]. Let’s write the
resulting short exact sequence as

0 −→ OX×Y [t] −→ Ẽ −→ G[t] −→ 0.(4)

Observe that Ẽ is flat over X × A1 (since it is an extension of coherent sheaves
flat over X × A1) and is generated by its global sections (since it is a quotient of
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OX×Y×A1 ⊕ E [t]). Further, the pullback of Ẽ along αi : X × Y ↪→ X × Y × A1,
defined as inclusion at the point i ∈ A1, is isomorphic to E , for i = 1, and to
OX×Y ⊕ G, for i = 0. Now define a simplicial homotopy

∆1 ×
(
n 7→ K⊕(Ri(n))

)
−→

(
n 7→ K⊕(Ri(n))

)
(5)

as follows. (Here, ∆1 is the simplicial set HomOrd(−, [1]) where Ord is the category
with objects [n] := {0, . . . , n} and morphisms order preserving functions.) Given
δ : [n] −→ [1], let δ# : X × Y ×∆n −→ X × Y ×∆1 be the evident induced map
of schemes. Then define the homotopy (5) by associating to any δ, the map

K⊕(Ri(n)) −→ K⊕(Ri(n))

induced by tensoring with δ∗#(Ẽ). One may easily verify that this construction
defines a simplicial homotopy between E∗ and id +G∗.

It follows immediately that the map of homotopy groups induced by inclusion
of categories

πq
∣∣n 7→ K⊕(Ri(n))

∣∣ −→ πq
∣∣n 7→ K⊕(Ri+1(n))

∣∣
is an isomorphism with inverse given by the difference E∗ −G∗.

For an integer N , let KY,d(N) denote the scheme which represents the functor

KY,d(N)(−) : X 7→ {[ONX×Y � F ] | F ∈ Pdgl(X,Y )}.

Here the square brackets signify that we are considering quotient objects – that is,
isomorphism classes of surjections with a fixed source. This functor is seen to be
representable by using Grothendieck’s work [6]. In fact, one may easily verify that
(using the notation of [6]) we have

KY,d(N) ≡
∐

deg(f)≤d

QuotfONY /Y/ Spec k
,

where f ranges over integer-valued polynomials with rational coefficients having
degree at most d. (In general [6], given a morphism Y −→ S of quasi-projective
varieties,M a coherent sheaf on Y , and an integer-valued polynomial with rational
coefficient f , QuotfM/Y/S is the S-scheme representing the functor sending any S-
scheme U to the collection of quotient objects ofMU , the pullback ofM to U×SY ,
which are flat over U , have support proper over U , and have Hilbert polynomial
f .)

There is an evident map KY,d(N) −→ KY,d(N + 1) defined by composing with
the projection ON+1 � ON onto the first N standard basis elements. We let KY,d

denote the ind-scheme lim−→NKY,d(N). An element of Hom(X,KY,d) can be thought
of as a quotient object

[p : O∞X×Y � F ]

in which all but finitely many standard basis elements lie in the kernel of p.
More generally, let KY,d

(m)(X) denote the subset of KY,d(X)×m consisting of
those m-tuples

([O∞X×Y � F1], . . . , [O∞X×Y � Fm])

which are in general position in the sense that the induced map

O∞X×Y −→ F1 ⊕ · · · ⊕ Fn
5



is a surjection. (Warning: with this definition of “general position”, it may be
impossible to move an m-tuple into general position.) Then KY,d

(m)(−) is a sub-
functor of KY,d(−)×m and is given as the direct limit(

X 7→ KY,d
(m)(X)

)
≡ lim−→N

(
X 7→ KY,d(N)(m)(X)

)
,

where KY,d(N)(m)(X) is the subset of KY,d(N)(X)×m consisting of m-tuples of
quotients in general position.

We claim S 7→ KY,d
(m)(S) is represented by an open (ind-)subscheme of K×mY,d

(which we also write as KY,d
(m)). Indeed, fix a projective closure Y of Y (so that

a coherent sheaf on Y with proper support may be regarded as a coherent sheaf
on Y ) and let Q be the scheme parameterizing m-tuples of quotients ONY � Fi,
for i = 1, . . . ,m, where Fi has Hilbert polynomial fi. Then for a sufficiently large
integer M , each quotient ONY � Fi induces a surjection Γ(ON

Y
(M)) � Γ(Fi(M))

of finite dimensional k-vector spaces. In fact, for M � 0, the map sending the m-
tuple (ONY � Fi)i=1,...,m to the m-tuple (Γ(ON

Y
(M)) � Γ(Fi(M)))i=1,...,m defines

by [6, Lemme 3.3] a locally closed embedding

Q ↪→ Grass(r1, s)× · · · ×Grass(rm, s),

for suitable integers s, r1, . . . , rm, where Grass(r, s) parameterizes r-dimensional
quotients of ks. For sufficiently large M , the condition that an m-tuple be in general
position is equivalent to the condition that the associated element of Grass(r1, s)×
· · ·×Grass(rm, s) represents an m-tuple of quotient spaces in general position. (To
see that, consider the following diagram.

Γ(ONY (M))⊗O
p //

f

��

Γ(
⊕

i Fi(M))⊗O

g

��
0 // E(M) // ONY (M)

q // ⊕
i Fi(M)

(6)

For sufficiently large M and any sheaf F with Hilbert polynomial fi, the sheaf
F(M) is generated by global sections, so g is an epimorphism, and thus surjectivity
of p implies surjectivity of q. Conversely, if surjectivity of q is known (surjectivity
of q is independent of M), then the Hilbert polynomial of the kernel E is known,
and H1(E(M)) = 0 for sufficiently large M , and thus surjectivity of q implies
surjectivity of Γ(q) for sufficiently large M .) Representing the surjective maps
Γ(ONY (M)) → Γ(Fi(M)) by matrices of size ri × s, for i = 1, . . . ,m, and letting
r = r1 + · · · + rm, we may form a matrix of size r × s, and the condition that
the spaces be in general position amounts to the non-vanishing of one of the r × r
minors of this matrix. Thus, the condition is open, and so the functor KY,d

(m)(−)
is representable:

KY,d
(m)(S) ∼= Hom(S,KY,d

(m)).

We recall the definition of Segal’s category Γop. Its objects are the finite, pointed
sets m ≡ {∗, 1, . . . ,m}, for m = 0, 1, . . . , and its morphisms are all point-preserving
functions. (The category Γop is the opposite of Segal’s original category Γ [10].) A
Γ-object in a category C is by definition a covariant functor from Γop to C.

For any X, Y and d the collection of sets Hom(X,KY,d
(m)), for m ≥ 0, can be

endowed with the structure of a Γ-object as follows. (By convention, KY,d
(0) is
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defined to be Spec k.) Given a morphism δ in Γop from m to n, define a map

δ∗ : Hom(X,KY,d
(m)) −→ Hom(X,KY,d

(n))

by sending
([p1 : O∞X×Y � F1], . . . , [pm : O∞X×Y � Fm])

to
([q1 : O∞X×Y � E1], . . . , [qn : O∞X×Y � En]),

where Ej =
⊕

i∈δ−1(j) Fi and qj is the evident sum of maps. The general position

condition imposed on KY,d
(•) ensures that each qj is surjective, and hence that δ∗ is

well defined. It is straightforward to check that this definition determines a functor
from Γop to the category of presheaves of sets:

m 7→ Hom(−,KY,d
(m)).

Consequently, the collection of simplicial sets Hom(X × ∆•,KY,d
(m)) forms a Γ-

space.

Lemma 2.2. The Γ-space

m 7→ Hom(X ×∆•,KY,d
(m))

is special – that is, for all m the natural map

Hom(X ×∆•,KY,d
(m)) −→ Hom(X ×∆•,KY,d)×m

is a weak equivalence.

Proof. For any N , define a natural map

η : KY,d(N)(S)×m −→ Hom(S,KY,d
(m))

as follows. For i = 1, . . .m, let ρi : O∞S×Y � ONS×Y be projection onto the standard
basis elements e(i−1)N+1, . . . , eiN . Define η by sending the m-tuple

([π1 : ONS×Y � F1], . . . , [πm : ONS×Y � Fm])

to the m-tuple ([π1 ◦ ρ1], . . . , [πm ◦ ρm]), which clearly belongs to Hom(S,KY,d
(m)).

Replacing S with X ×∆•, it suffices to show that composition of η with the inclu-
sions KY,d(N)(m) ↪→ KY,d(N)×m and KY,d

(m) ↪→ KY,d
×m yields maps

KY,d(N)(m)(X ×∆•) −→ Hom(X ×∆•,KY,d
(m))

KY,d(N)(X ×∆•)×m −→ Hom(X ×∆•,KY,d)×m

which are homotopic to the natural inclusions.
Let λ ∈ Hom(∆1,A1) be an element mapping to 0 and 1 on the two faces of ∆1.

Define

h : ∆1 ×Hom(X ×∆•,KY,d(N)(m)) −→ Hom(X ×∆•,KY,d
(m))

by sending (δ : ∆e → ∆1, ([π1], . . . , [πm]) to the m-tuple whose ith entry is the class
of

O∞X×∆e×Y
δ∗(λ)πi◦ρ1+(1−δ∗(λ))πi◦ρi //Mi.

Using obvious “row operations”, one may verify that the map

OmNX×∆e×Y
∼=
(
ONX×∆e×Y

)⊕m −→M1 ⊕ · · · ⊕Mm
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given by the matrix

π1 (1− δ∗(λ))π2 (1− δ∗(λ))π3 . . . (1− δ∗(λ))πm
0 δ∗(λ)π2 0 . . . 0

0 0 δ∗(λ)π3

...
...

...
. . . 0

0 0 . . . 0 δ∗(λ)πm


is a surjection, which shows that h is well-defined. Clearly, h provides the first of
the desired homotopy equivalences. An analogous homotopy yields a map

∆1 ×KY,d(N)(X ×∆•)×m −→ Hom(X ×∆•,KY,d)×m

establishing the other desired homotopy equivalence.

We let BHom(X,KY,d) denote the simplicial set m 7→ Hom(X,KY,d
(m)) defined

by restricting the Γ-object Hom(X,KY,d
(•)) to Ord via the canonical functor η :

Ordop → Γop. The functor η sends [m] to m and a order-preserving function
f : [n] −→ [m] to η(f) : m −→ n, where η(f)(j) = i if f(i− 1) ≤ j − 1 < j ≤ f(i),
and η(f)(j) = ∗ if no such i exists.

By [10], there is a natural map

|Hom(X ×∆•,KY,d)| −→ Ω|BHom(X ×∆•,KY,d)|,

and Ω|BHom(X ×∆•,KY,d)| is the “homotopy-theoretic group completion” of the
H-space Hom(X × ∆•,KY,d). In fact, Segal’s construction shows that the space
Ω|BHom(X × ∆•,KY,d)| is an infinite loop space – that is, the 0th space of a
connective Ω-spectrum.

The central result of this paper is the following theorem.

Theorem 2.3. For any quasi-projective varieties X and Y , there is a natural weak
equivalence of spaces

Ω|BHom(X ×∆•,KY,d)| −→ Kd(X ×∆•, Y ).(7)

Remark 2.4. In fact, we will show in Theorem 3.3 that the weak equivalence of
Theorem 2.3 enriches to a weak equivalence of infinite loop spaces. We state and
prove Theorem 2.3 first in an effort to make the argument more accessible.

In the remainder of this section, we describe the construction of the map (7).
The proof of Theorem 2.3 will be presented in the next section.

By Lemma 2.1 the space Kd(X ×∆•, Y ) is homotopy equivalent to∣∣n 7→ K⊕(Pdgl(X ×∆n, Y ))
∣∣ .

Since we shall need it, we recall the construction of the direct-sum K-theory of an
additive category A using the S⊕ construction of [5, §2]. For an object [m] of Ord,
let Sub[m] denote the category which has one object i/j for each 0 ≤ j ≤ i ≤ m
and one morphism from i/j to i′/j′ if and only if j ≤ j′ ≤ i′ ≤ i. Observe that
a morphism δ : [n] → [m] induces a functor δ∗ : Sub[n] −→ Sub[m] in the evident
manner. Declare a functor from Sub[m] to A, written i/j 7→Mi/j , to be “additive”
provided the natural map

Mi/k −→Mi/j ⊕Mj/k
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is an isomorphism whenever k ≤ j ≤ i. Let S⊕mA denote the set of additive functors
from Sub[m] to A. Then S⊕A := ([m] 7→ S⊕nA) is a simplicial set, and K⊕(A) is
defined as the geometric realization of S⊕A.

Thus, to define the map (7), it suffices to construct a natural map of bisimplicial
sets

BHom(X ×∆•,KY,d) −→ S⊕Pdgl(X ×∆•, Y ).(8)

Given a m-tuple of quotient objects

([π1 : O∞X×Y � F1], . . . , [πm : O∞X×Y � Fm]),

define an m-simplex of S⊕Pdgl(X,Y ) by the assignment

i/j 7→ Fj+1 ⊕ · · · ⊕ Fi.
To be more explicit, given a quotient object [π : O∞X×Y � F ], we associate to it
the object of Pdgl(X,Y ) defined by O∞X×Y / kerπ. Thus, the object Fj+1 ⊕ · · · ⊕ Fi
will mean

O∞X×Y /
i⋂

k=j+1

kerπk.

The required maps associated to a morphism i/j −→ i′/j′ in Sub[m] are given by
the evident projection maps. This then defines a simplicial map

BHom(X,KY,d) −→ S⊕Pdgl(X,Y )

which is natural in X. Applying this map degree-wise to the cosimplicial object
X ×∆•, we arrive at the definition of (8).

3. Proof of the Main Theorem

In this section we prove Theorem 2.3 by establishing that the map (8) is a weak
equivalence of bisimplicial sets. To accomplish this, we shall need to pass through
an auxiliary construction. In an effort to facilitate understanding, we sketch the
entire argument before going into detail. The reader may skip the next paragraph
if she chooses.

First, for each m, we will introduce a certain category whose objects are the
elements of the set Hom(X,KY,d

(m)). Taking the nerve of this category, we obtain
a simplicial set which will be written

N Hom(X,KY,d
(m)).

Moreover, the categorical structure will be compatible with maps n −→ m so that
we obtain a bisimplicial set

NBHom(X,KY,d),

which is naturally functorial in X. We also consider the bisimplicial set

iS⊕Pdgl(X,Y )

obtained by introducing the structure of a category on

S⊕n Pdgl(X,Y )

so that a morphism from i/j 7→ Fi/j to i/j 7→ F ′i/j is by definition a natural
isomorphism of functors – that is, a compatible family of isomorphisms

Fi/j ∼= F ′i/j .
9



We shall then show that there is a map

NBHom(X,KY,d) −→ iS⊕Pdgl(X,Y )

of bisimplicial sets, which extends the map

BHom(X,KY,d) −→ S⊕Pdgl(X,Y )

and which is also natural in X. Finally, we will show that the left, top, and right
maps in the diagram of trisimplicial sets

NBHom(X ×∆•,KY,d) // iS⊕Pdgl(X ×∆•, Y )

BHom(X ×∆•,KY,d) //

OO

S⊕Pdgl(X ×∆•, Y )

OO
(9)

are weak equivalences. Thus, it will follow that the bottom map of (9) must be a
weak equivalence as well, which will establish Theorem 2.3.

We now proceed with the detailed proof. We first define a category whose objects
are the elements of Hom(X,KY,d

(m)); we will also use the notation Hom(X,KY,d
(m))

to refer to this category. The morphisms of the category Hom(X,KY,d
(m)) are de-

fined as follows. Let I denote the set (in fact, monoid) of injective functions from
N to N. For each α in I we define the injection

α∗ : O∞X×Y −→ O∞X×Y
by the formula

α∗ei = eα(i),

where ei is the ith standard basis element of O∞X×Y . Now define

Hom
(
([O∞X×Y � E1], . . . , [O∞X×Y � Em]), ([O∞X×Y � F1], . . . , [O∞X×Y � Fm])

)
to be the subset of I consisting of those α such that α∗ descends to an isomorphism
on quotient objects,

α∗ : Ej
∼=−→ Fj ,

for all j. Composition in the category Hom(X,KY,d
(m)) is defined by composing

the functions α.
The role of this categorical structure will be to relate the Γ-space Hom(X,KY,d

(m))
with the S⊕-construction. Specifically, the precise definition of this category was
made so as to ensure Lemma 3.2 below is valid.

Let iS⊕Pdgl(X,Y ) be the simplicial category whose morphisms (in degree m) are
the natural isomorphisms of additive functors from Sub[m] to S⊕Pdgl(X,Y ) – that
is, a morphism is an isomorphism of direct sum diagrams in the usual sense. The
map

BHom(X,KY,d) −→ S⊕Pdgl(X,Y )
introduced in section 2 extends to a map

NBHom(X,KY,d) −→ iS⊕Pdgl(X,Y ).

by sending a morphism α to the collection of isomorphisms it determines on quo-
tients.

This yields the top horizontal arrow in the diagram (9) located above. The entries
on the bottom row of (9) are trisimplicial sets that are trivial in one direction and

10



the vertical maps are induced by the canonical map ob C −→ NC of simplicial sets
associated to any category C.

Lemma 3.1. The left vertical map in (9) is a weak equivalence.

Proof. In fact, we show that for each fixed m, the map of bisimplicial sets

Hom(X ×∆•,KY,d
(m)) −→ N Hom(X ×∆•,KY,d

(m))

is a weak equivalence. To accomplish this, let us first fix e and consider the simplicial
set

n 7→ Ñe Hom(X ×∆n,KY,d
(m)),

where Ñ Hom(X,KY,d
(m)) is the nerve of the subcategory with the same objects

as N Hom(X,KY,d
(m)) but for which a morphism

([p1 : O∞ � E1], . . . , [pm : O∞ � Em])

α∗

��
([q1 : O∞ � F1], . . . , [qm : O∞ � Fm])

satisfies the constraint that, for each j, we have qj(ei) = 0 if i is not in the image
of α.

For each fixed e, we construct a simplicial map

Fe : Ne Hom(X ×∆•,KY,d
(m)) −→ Ñe Hom(X ×∆•,KY,d

(m))

and show it is an inverse up to homotopy of the natural inclusion map

ιe : Ñe Hom(X ×∆•,KY,d
(m)) −→ Ne Hom(X ×∆•,KY,d

(m)).

Given α ∈ I, let α∗ : O∞ −→ O∞ be defined by

α∗(ei) =

{
ej if j = α(i), and
0 if j /∈ imα.

Notice that α∗ ◦ α∗ is the identity. An element of Ne Hom(X,KY,d
(m)) consists of

e+ 1 m-tuples of quotient objects and elements α1, . . . , αe of I. Let [pi,j : O∞ �
Ei,j ], for i = 0, . . . , e and j = 1, . . . ,m, be this matrix of quotient objects. The map
Fe sends this element to the element described by the matrix of quotient objects

pi,j ◦ αi∗ ◦ · · · ◦ α1∗ ◦ α∗1 ◦ . . . α∗i ,

for i = 0, . . . , e and j = 0, . . .m together with the same e-tuple (α1, . . . , αm) of
elements of I. The identity α∗ ◦ α∗ = id shows that Fe is well-defined. Also, since

α∗ ◦ α∗(ei) =

{
ei if i ∈ imα, and
0 otherwise,

the image of Fe is contained in Ñe Hom(X,KY,d
(m)). Clearly, Fe is a map of

simplicial sets.
If we compose Fe with ιe, we get the identity map. The opposite composition

has the effect of replacing each quotient map p with p ◦ α∗ ◦ α∗ for an appropriate
α : N −→ N. Let t ∈ Hom(∆1,A1) be an element sent to 0 and 1 under the
two face maps. A homotopy of Fe to the identity is defined by associating to

11



δ ∈ HomOrd([n], [1]) the functor from Hom(X ×∆n,KY,d
(m)) to itself which sends

p to pδ, where pδ is defined by the formula

pδ(ei) =

{
p(ei) if i ∈ imα, and
δ∗(t)p(ei) otherwise.

We have now shown that the inclusion of bisimplicial sets

Ñ Hom(X ×∆•,KY,d
(m)) ⊂ N Hom(X ×∆•,KY,d

(m))

is a weak equivalence, since ιe is a weak equivalence for each fixed e. Thus, to finish
the proof of this lemma, it suffices to show that the map

Hom(X ×∆•,KY,d
(m)) −→ Ñ Hom(X ×∆•,KY,d

(m))

of bisimplicial sets is a weak equivalence. But observe that an element of Ñe Hom(X,KY,d
(m))

is uniquely specified by the initial object

([q1 : O∞ � E1], . . . , [qm : O∞ � Em])

together with e elements α1, . . . , αe of I. Indeed, the other quotient objects can be
described in terms of this information by the formula

pi,j = qj ◦ α∗i ◦ · · · ◦ α∗1.

Thus, the bisimplicial set Ñ Hom(X ×∆•,KY,d
(m)) is isomorphic to the external

product of simplicial sets
Hom(X ×∆•)�BI,

where we regard I as a monoid – that is, a category with one object – under
composition of functions.

It therefore suffices to show BI is a contractible simplicial set. We show that
the identity functor on I and the functor that sends every arrow to the identity
arrow are homotopic. To this end, consider the functor φ that sends a function
α : N −→ N to the function id ∗ α, where in general f ∗ g is given by the formula

i 7→

{
2f(i/2) if i is even
2g( i−1

2 ) + 1 if i is odd.

Define even : N −→ N and odd : N −→ N by the rules i 7→ 2i and i 7→ 2i + 1,
respectively. Then the following commutative diagram exhibits a natural transfor-
mation from the constant functor to φ and also a natural transformation from the
identify functor to φ.

N

odd

��

= //
N

odd

��
N

id∗α //
N

N

even

OO

α //
N

even

OO

This completes the proof of the lemma.

For any additive category E , the map

S⊕E −→ iS⊕E
12



is a weak equivalence by the direct-sum K-theory analogue of [14, Corollary to
Lemma 1.4.1]. Thus, the right vertical arrow in (9) is a weak equivalence, since it
is so for each fixed X ×∆n.

It remains to establish that the top map in (9) is a weak equivalence, which
is a consequence of the following lemma. The essential point of this lemma is
that the categorical structure we introduced earlier on Hom(X,KY,d) allows for
the definition of a functor Ψ : Hom(X,KY,d) → iPdgl(X,Y ) which induces a weak
equivalence on classifying spaces.

Lemma 3.2. For any e, the map of bisimplicial sets

NBe Hom(X ×∆•,KY,d) −→ iS⊕e Pdgl(X ×∆•, Y )

is a weak equivalence.

Proof. From Lemma 2.2, the natural map

NBe Hom(X ×∆•,KY,d) −→ N Hom(X ×∆•,KY,d)×e

is a weak equivalence. For any additive category A, let iA denote the category with
the same objects as A but for which morphisms are the isomorphisms of A. Then
the functor

iS⊕e A −→ iA×e

is an equivalence of categories, since we may define a functor which is an inverse
up to natural isomorphism iA×e −→ iS⊕e A by choosing representatives for the
appropriate direct sums. It therefore suffices to show that the natural map

N Hom(X ×∆•,KY,d) −→ iPdgl(X ×∆•, Y )

is a weak equivalence of bisimplicial sets. In fact, we show this map is a weak
equivalence degree-wise – that is, we show that the resulting functor

Ψ : N Hom(X,KY,d) −→ iPdgl(X,Y )

is a weak equivalence for all X.
Using Quillen’s Theorem A [9], the functor Ψ induces a weak equivalence pro-

vided the “homotopy fiber” over every object of iPdgl(X,Y ) is contractible. That
is, pick an object F of Pdgl(X,Y ) and define the category Ψ/F , where an object
is a map from F to F ′ in iPdgl(X,Y ) (that is, an isomorphism) together with an
object [O∞X×Y � G] of N Hom(X,KY,d) such that

Ψ
(
[O∞X×Y � G]

)
= F ′.

We can thus identify an object of Ψ/F with a surjection

O∞X×Y � F
which sends all but finitely many standard basis elements to zero. Since every
object Pdgl(X,Y ) is generated by its global sections, this set is nonempty. The set
of morphisms in Ψ/F between two such surjections – say from p : O∞X×Y � F to
q : O∞X×Y � F – is, by definition, the subset of I consisting of those α satisfying
the equation

q ◦ α∗ = p.

To fulfill the hypothesis of Theorem A, we must show each Ψ/F is contractible.
To do this, we fix an object T = (p : O∞X×Y � F) and let c : Ψ/F −→ Ψ/F

be the constant functor that sends every object to T and every morphism to the
13



identity. We also consider the functor φ : Ψ/F −→ Ψ/F that sends an object
q : O∞X×Y � F to the object p|q : O∞X×Y � F , where we define

(p|q)(ei) =

{
p(ei/2) if i is even and
q(e(i−1)/2) if i is odd.

By definition, the functor φ sends a morphism

O∞X×Y
q // //

β∗

��

F

O∞X×Y
q′

<< <<zzzzzzzzz

to the morphism

O∞X×Y
(p|q) // //

(1∗β)∗

��

F

O∞X×Y ,
(p|q′)

<< <<yyyyyyyyy

where 1 ∗ β is defined as in the proof of Lemma 3.1. The following commutative
diagram exhibits a natural transformation from c to φ.

O∞X×Y
(p|q′)

"" ""DDDDDDDDD

O∞X×Y
(p|q)

// //

(1∗β)

OO

F

O∞X×Y

p

<< <<zzzzzzzzz
even∗

OO

@A

GF

even∗

//

The following commutative diagram exhibits a natural transformation from the
identity to φ.

O∞X×Y
(p|q′)

** **VVVVVVVVVVVVVVVVVVVVVVVV

O∞X×Y (p|q) // //
(1∗β)∗

ddIIIIIIIII

F

O∞X×Y

q′hhhhhhh

44 44hhhhh

odd∗

OO

O∞X×Y

odd∗

OO

q

@@ @@�������������������β∗

ddIIIIIIIII

Thus, the constant map c is homotopic to the identity map on Ψ/F and so Ψ/F is
contractible.

We have shown that each map but the bottom horizontal map in diagram (9) is
a weak equivalence. It follows that the bottom one must be a weak equivalence as
well, which completes the proof of the Theorem 2.3.
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Finally, we present the promised generalization of Theorem 2.3 which establishes
an equivalence of infinite loop spaces. The proof of this theorem runs parallel to
the proof of Theorem 2.3, but the construction is more complicated.

Theorem 3.3. For quasi-projective varieties X and Y , the weak equivalence

ΩBHom(X ×∆•,KY,d) −→ Kd(X ×∆•, Y )

enriches to a weak equivalence of infinite loop spaces, where the infinite loop space
structure on the left is given by Segal’s construction [10] and the the infinite loop
space structure on the right is the usual K-theoretic construction.

Proof. By [10], the r-fold delooping of a Γ-space X• is given as the geometric
realization of the multi-simplicial set BrX• defined by

m1, . . . ,mr 7→ Xm1 ∧...∧mr
,

where the symbol ∧ denote smash product of pointed sets. (Again, we are formu-
lating Γ-spaces and their deloopings in terms of the category Γop while Segal prefers
the category Γ.) In particular, the r-fold delooping of ΩBHom(X × ∆•,KY,d) is
given by the geometric realization of the multi-simplicial set Br Hom(X×∆•,KY,d)
defined as

m1, . . . ,mr 7→ Hom(X ×∆•,K(m1 ∧...∧mr)(Y, d)).

Here, for an arbitrary pointed set (A, ∗), we write K
(A)
Y,d ⊂ K

A\{∗}
Y,d for the ind-

scheme parameterizing quotients of O∞Y in general position indexed by the elements
of A \ {∗}.

Similarly, by [5, Lemma 4.3] the r-fold delooping of

Kd(X ×∆•, Y ) = Ω|S⊕Pdgl(X ×∆•, Y )|

is given by the geometric realization of the multi-simplicial set S⊕,�rPdgl(X×∆•, Y ),
where, for an arbitrary additive category A, the r-fold simplicial set S⊕,�rA is given
by

m1, . . . ,mr 7→ Multi-Additive-Functors(Sub[m1]× · · · × Sub[mr],A).

Here, a multi-additive functor from Sub[m1] × · · · × Sub[mr] to A is a functor,
represented as

(i1/j1, . . . , ir/jr) 7→Mi1/j1,...,ir/jr ,

which is additive in the previous sense in each of the r variables.
There is a natural map of multi-simplicial sets

Br Hom(X,KY,d) −→ S⊕,�rPdgl(X,Y ),(10)

generalizing the map (8), defined by sending a tuple of quotient objects(
[O∞X×Y � Fî]

)
î:=(i1,...,ir)∈m1 ∧...∧mr

to the multi-additive functor

(i1/j1, . . . , ir/jr) 7→
⊕

k̂:=(k1,...,kr)

Fk̂

where the indexing of the direct sum ranges over all k̂ such that jl < kl ≤ il, for
all l. (As for the definition of (8), this direct sum refers to an explicit quotient of
O∞X×Y .) Applying the map (10) degreewise to X ×∆•, we obtain

Br Hom(X ×∆•,KY,d) −→ S⊕,�rPdgl(X ×∆•, Y ),(11)
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and it remains to establish that this map is a weak-equivalence for all r > 0.
We interpret Br Hom(X,KY,d) as the objects of a multi-simplicial category

just as before. That is, a morphism between two objects
(
[O∞X×Y � Fî]

)
î

and(
[O∞X×Y � Eî]

)
î

is an element α of I so that α∗ descends to an isomorphism

α∗ : Fî
∼=−→ Eî

for all î. Similarly, we view S⊕,�rPdgl(X,Y ) as the objects of a multi-simplicial
category iS⊕,�rPgl(X,Y ) in which morphisms are natural isomorphisms of additive
functors. As before, we obtain a map of multi-simplicial categories

NBr Hom(X ×∆•,KY,d) −→ iS⊕,�rPdgl(X ×∆•, Y ),

and a commutative diagram such gadgets

NBr Hom(X ×∆•,KY,d) // iS⊕,�rPdgl(X ×∆•, Y )

Br Hom(X ×∆•,KY,d) //

OO

S⊕,�rPdgl(X ×∆•, Y ),

OO
(12)

which generalizes diagram (9).
The proof of Lemma 3.1 carries over almost verbatim to this more general con-

text and shows that the left-hand arrow of diagram (12) is a weak equivalence
of simplicial sets for each fixed (m1, . . . ,mr), and is thus a weak equivalence of
multi-simplicial sets.

As before, the direct-sum K-theory analogue of [14, Corollary to Lemma 1.4.1]
shows that the right-hand arrow of diagram (12) is a weak equivalence.

Lemma 2.2 establishes that the inclusion map

NBri1,...,ir Hom(X ×∆•,KY,d) −→ N Hom(X ×∆•,KY,d)×(i1 ∧...∧ ir\{∗})

is a weak equivalence, and as before the natural map

iS⊕,�ri1,...,ir
Pdgl(X ×∆•, Y ) −→ iPgl(X ×∆•, Y )×(i1+···+ir)

is an equivalence of simplicial categories. Thus, the proof of Lemma 3.2 carries over
directly to establish that the top arrow in diagram (12) is a weak equivalence.
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